HAMILTON-JACOBI EQUATIONS IN SPACE OF MEASURES
ASSOCIATED WITH A SYSTEM OF CONSERVATION LAWS

JIN FENG AND TRUYEN NGUYEN

ABSTRACT. We introduce a class of action integrals defined over probability measure-valued
path space. We show that extremal point of such action exits and satisfies a type of com-
pressible Euler equation in a weak sense. Moreover, we prove that both Cauchy and resol-
vent formulations of the associated Hamilton-Jacobi equations, in the space of probability
measures, are well-posed.

1. INTRODUCTION

This article studies the well-posedness of a Hamilton-Jacobi partial differential equation
in space of probability measures. Such equation is associated with a system of d-dimensional
compressible Euler equations

Orp + div(pu) =0
(1.1) ¢ Qulpu) + div(pu @ u) + VP(p) = —pV(¢+ P xp) — 27pV (2L — 1)
P(p) = pF'(p) = F(p)

where p = p(t,z) : Ry x R = R, u = u(t,z) : Ry x RY — R? are unknown; v > 0 is
a given constant and the functions 1, ¢, ® € C'(R), F € C*(R,) are prescribed. Precise
requirements on 1, ¢, ® and F' will be given in Condition 1.5. Notation div(pu ® u) should
be understood as follows: this is a vector whose i-th component is div(puu;).

First, we prove that solution(s) to (1.1) can be derived as minimizer(s) of an action func-
tional defined on probability measure-valued paths (Theorem 1.10). Such variational problem
is defined through a Lagrangian function L, which is the Legendre transform of the Hamil-
tonian function giving a first order Hamilton-Jacobi equation in the space of probability
measures. We then prove the well-posedness of such Hamilton-Jacobi equations, in both
Cauchy problem as well as resolvent type formulations (Theorems 1.13 and 1.14).

It is important to emphasize that our point of view is to identify u with 0;p through
the transport equation, and then regard solution of (1.1) as describing a path p(-) with
prescribed initial and terminal value of p(0) and p(7"). This is in contrast with the usual
partial differential equation formulation where p(0),u(0) are given to start with, then we
are asked to solve the equation to describe values of both p(t) and u(t) at later time ¢ > 0.
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Therefore, there is a correspondence between p; and w(0), and more generally, between
Op(-) and u(-). The arguments from (1.12) to (1.14) make it clear that we are essentially
only considering u(t, x) which is the closure of potential flows V,¢(t, z) in some appropriate
sense.

It is also useful to mention that (1.1) is not the usual nonlinear Schrédinger equation
written under the Madelung transform — the forcing term has the "wrong” sign. After this
article was completed, one of the authors attended a series of three talks given by P.L.
Lions on mean-field games. The exact variational problem considered in this article also
appeared in a broader context in the Lasry-Lions mean-field games theory [21]. Such a
theory describes evolution of the p(t) and a ¢(t,x) (in the v = 0 setting, ¢ is formally
identified with 0;p = —div(pVy)) in a system of equations with one written forward in
time and the other backward in time. With the theory of Hamilton-Jacobi PDE in space of
measures shown in this article, at least at a formal level, d;p (hence ¢) and p are related by
generating function U(¢, p) through relation (6.12) in appendix A. Evolution of U is forward
in time.

1.1. Three plus one variational problems. We start with a continuum mechanical sys-
tem where (p,u) forms a closure. Kinetic energy for the system is

(1.2 Tp.w) =5 [ lule)Fotdo)

potential energies up to two particle interaction is

(1.3) W) = [ odpss [ [ o= wpolannn).

We also con81der 1nternal energy which, for p(dr) = p(x)dxr with a Lebesgue density, is
defined as [, F(p(z))dz. Let
(1.4) Vi) = Wi+ [ Flota)ds,

and define Lagrangian and Hamiltonian respectively

E(ﬂ?“) = T(ﬂ?“)_v(p)a
H(p,u) = T(p,u)+V(p);

and the corresponding action integral

(15) Anlp)ut) = [ Lo u(o)at.

Let P(R?) denote the space of probability measures on R, Py(RY) C P(R?) the sub-space
with finite second moment, and Py (R?) C Py(R?) the subspace with Lebesgue density. The
above V is only defined for p with a Lebesgue density. Throughout this article, we will
assume that V' can also be extended to be defined for all p € P(R?). For instance, when the
following holds
F
(1.6) supﬂ < 00, sup ®(z)+ sup ¢(x) < o0,
r>0 T zERY zERY
then V(p) < C' < oo for all p with Lebesgue density. We can extend the definition of V' to
those p without Lebesgue density in many ways while still keeping the property ||V V0| <
2



0o. It follows then L : P(R%) x L2(R?) — [—c,+o0] with ¢ = ||V V 0]|. A becomes well
defined. Moreover, we have H : Py(R%) x L2(R?) — R U {400} at least when V(p) > —oo.

Throughout this article, the space Po(R?) is endowed with Wasserstein 2-metric d defined
by

o) =t { [ [ o sPrtaody) e o)},
where
(1.7)  II(p,7) := {n(dx,dy) € P(R* x RY) : w(dx,R?) = p(dz), 7(R%, dy) = v(dy)}.

Then (Py(R%),d) is a complete separable metric space (e.g. Proposition 7.1.5 of [2]). We
recall also from page 23 of [2] that a path o : (a,b) — Py(R?) is said to be p-absolutely
continuous, p € [1, 400, if there exists a real-valued function § € L”(a,b) such that

d(o(t),o(s)) < /tﬁ(T) dr, Va<s<t<b.

Let ACP(a, b; Po(R?)) denote the space of all p-absolutely continuous curves in Py(R%). The
case of p = 1 is called absolute continuous curves and denoted by AC (a, b; P2(R%)). For each
p(-) € AC(0,T;Po(R%)), by the first part of Theorem 8.3.1 of [2], there exists vector field
u(t,-) € Li(t) (R%) such that the continuity equation

(1.8) Op + div(pu) =0

holds in the sense of distributions. Moreover, if p(-) € AC?(0, T; P2(R?)), then by Theorem
1.1.2 and an estimate (8.3.13) in the proof of Theorem 8.3.1, both from [2],

T
(1.9) / lu(t, z)*p(t, dz)dt < oco.
0 Jrd
Given pg, p1 € P2(R%), we denote

(1.10) C(po, p1) := Dr(po, p1) := {0 () € C([0, T}; Po(R?)) : 0(0) = po, o(T) = pr}.
This is a closed subset of C([0,T]; P(R%)). With the above results in mind, we introduce
our first variational problem
(1.11)
inf{ Az (p,u) : p(-) € AC*(0,T;Pa(RY)) N T(po, p1), Opp + div(pu) = 0, u(t) € Li(t)(Rd)}.

At least formally, we can show that any minimizer of the above should satisfy (1.1) with
v = 0. This is however not obvious and requires technical work.

We comment that informal derivation of Euler type equations out of variational problem
has been known for quite some time (e.g. Chapter XI of Lanczos [20]). However, it seems
that a rigorous derivation has not appeared until recently — see Gangbo, Nguyen and Tu-
dorascu [15] for its derivation of a 1-D Euler-Poisson system. The result of this article is
multi-dimensional and is based on arguments very different than that of [15]. A key is to
introduce an extra regularization term which we motivate in detail below and in Appendix.

The variational problem in (1.11) can be reduced. This requires a more careful study on
the tangent space structure of Py(R?), which was hinted by the work of Brenier [4], made
explicit by Otto [22] and more extensively developed in Chapter 8 of Ambrosio, Gigli and
Savaré [2]. Let

L2(R)
(1.12) T,P>(R?) = L%, ,(RY) :={Vy : p € C=(R)} C L3(R).
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Let p(-) € AC(0,T;P2(R?)) satisfy the continuity equation (1.8) with a vector field u satis-
fying (1.9). Let v(¢) = II(u(t)) be the projection of u onto T,P2(R?). Then we decompose

u=v+w, v,weLlX(RY), veT,PRY), we (T,P(R))"
It follows then (e.g. Proposition 8.4.3 and Remark 8.4.4 of [2])
(T,P2(R)) " = {w € L(R) : div(pw) = 0},
which implies that
(1.13) Op + div(pv) =0, v(t) € T, P2(RY)
and that
[ull ey = ([0l 2@

Putting everything together, T'(p(t),u(t)) > T(p(t),v(t)) and Ar(p,u) > Ar(p,v). There-
fore, we arrive at a second variational problem which is equivalent to the first one:

(1.14)inf{ Ap(p,u) : p € AC*(0,T; Po(RY)) N T (po, p1), Opp + div(pu) = 0, u(t) € Li(t)(Rd)}
= inf{Az(p,v) : p € AC?*(0,T; P2(R%)) N T(po, p1), Dip + div(pv) = 0,v(t) € Ty Pa(RY)}.

In such infinite dimensional setting, 7,P2(R?) can also be equivalently identified with dual
spaces H_; ,(R?) and H; ,(R?) through isometry relations(e.g. Appendix D.5 of Feng and
Kurtz [14]). Here and below, for p € Py(R?), we define

(1.15) Il = [ 1VePdp, o e Cm(®
and
(1.16) H, ,(R%) = completion of C°(R%) under | - ||,
Let m € D'(R?), the space of Schwartz distributions, we define
(1.17) Iml%y, = sup {2(m,¢) = [llli,},

peC (RY)
and

H_1p(RY) = {m € D'(R’) : [m]|-1,, < o0}
Throughout the rest of this article, although equivalent through transformation, we identify
T,P>(R?) with H_; ,(R?) instead of L3, ,(R?) as earlier. Such identification was initially used
by Otto [22] and has the advantage of being able to express many useful quantities in terms
of Schwartz distribution, in the absence of further a priori estimates.

With a slight abuse of notation, we denote the Schwartz distributional derivative (in
time) O;p = p. Note that in continuum mechanics, the dot notation usually denote material
derivative, which is not what intended here. Let p(-) € AC(0, T; P2(R?)) and v satisfy (1.13)
and (1.9) (with u replaced by v). By Lemma D.34 of [14],

2 . 2
o3, = 1O 0

Therefore

(1.18) z%WWZAAAMZA (G110 — V(01 )t
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The dependence of v is replaced by p. We arrived at yet another equivalent way of writing
the variational problem (1.11)

inf{ Az (p,u) : p(-) € AC(0,T; Po(RY) N T(po, p1), dep + div(pu) = 0,u(t) € Li(t)(]Rd)}

= inf{/o L(p(t), p(t))dt : p(-) € AC(0,T; Po(R) N T(po, p1)}.

While we can formally derive the extremal point of the above variational problem as
solution to (1.1) with v = 0, there is no apparent way to make it rigorous. Indeed, showing
existence of minimizer is even a nontrivial problem. Furthermore, it is even more out of
reach for rigorously proving the uniqueness of Hamilton-Jacobi PDEs associated with such
variational problem, which is another main result of this article. However, if we add a bit of
"regularization” to our minimization problem in the particular way described below, we can
prove useful theorems.

Let Lagrangian L : Po(RY) x D'(RY) — R U {+00} be defined by

(1.19) L(p,p) =T(p,p) — V(p),
where
(1.20) T(p, p) = %Hp . V(Ap v div(pV\Il)> 21,p

Then L is bounded from below since we assumed that V' is bounded from above. We will de-
fine a geometrically motivated notion of gradient for functions on Py(R?) (see Definition 1.2),
introduce an entropy function S in (1.28) and compute its gradient (1.29). It follows that if
the "kinetic energy” functional

(1.21) Kelpl = [ Tlote) o)
is finite, then for every ¢t > 0, S(p(t)) < co (in particular p(t) € P5(RY)) and
gradS(p(t)) = —(Ap(t) + div(p(t)VV)),

T(p(t),p(t)) = %Hp(t)+Vgrad5(p(t))\|2_1,p(t)-

See Lemma 2.1. The observation that Fokker-Planck operator is gradient of entropy was
first made by Jordan, Kinderlehrer and Otto [18].
We define an action integral Ar : C([0, T]; Po(R?)) — R U {+o0} by

(1.22) Arlp()] = [ L(p(s).pls))ds.

Again, to make sure we do not end up with oo — oo, we simply assume (1.6) which is not
optimal in terms of what we can do later, but simplifies the presentation to highlight on
important matters at this stage. We will prove that minimizer of

(1.23) D(p1, po;T) = = f{Az[p()] : p(-) € (o, p1)}

exists (Lemma 3.1) and that, when pg, p; satisfy a mild condition expressed in terms of
entropy, any such minimizer is a Schwartz distributional solution to the system (1.1) (The-

orems 1.10).
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Remark 1.1. With v > 0, the extra perturbation in L introduces a preferred direction
—v gradS(p) (i.e. entropy dissipation direction), for choices of p, in order to minimize action.
Such entropy dissipation property will produce a number of useful inequalities which help us
to rigorously prove the main theorems in this article. See also Appendix for a probabilistic
origin of such regularization term.

In (1.32), we will introduce Fisher information functional I > 0. For p(-) € AC?(0, T'; Po(R?))
with fOT I(p)dt < oo, by the chain rule in 10.1.2 of [2],

A(ymﬂmmﬂmﬁ:S@@»—ﬂmmm

consequently

Ao = [ GUAR L+ S 1)+ eradS (o), )1, = V(o))

1/2

= (St = 5(0) + [ Gl + F10) = Ve

From this point on, we will take the convention that infimum of any function over an empty
set is +00. Then, by a result in Lemma 3.2, with a mild condition on pg, p1, assuming
|V VO < oo, it follows that

128 Dlowps®) = nt{ [ G, + 5 10) — Vihdt () € Do)}

+0(S(p1) = S(po)).

Moreover, the variational problem on the right hand side is well posed and attains the
extremal point if [V (p)] < ((I(p)) for some nondecreasing sub-linear function ¢ € C(R;)
and if V' is continuous on finite level sets of I. We will assume additional assumptions on
F,®, ¢ in Condition 1.5 to ensure that this is the case (Lemma 2.18).

1.2. A special calculus on space of probability measures. Systematic accounts for
modern mass transport theory can be found in, for instance, Ambrosio, Gigli and Savaré [2],
Villani [26] [27]. Below we selectively discuss and extend particular techniques which will be
useful in this article.

Identifying T),P5(R?) with H_; ,)(R?), we introduce a compatible notion of gradient for
functions on Py(RY):

Definition 1.2 (Gradient). Let f : Py(R?) +— [—00,+00] and py € Py(R?). We say that
gradient of f at pg, denoted gradf(pg), exists, if it can be identified as the unique element
in D'(R?) such that for each p € C®(R?), and each {pP(t) € Py(R%) : t > 0} satisfying the
continuity equation generated by p:

(1.25) P + div(pPVp) =0, pf(0) =po in D'(R?),

we have
@) = F((0)

t—0+ t

=: (gradf(po), p)-
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Example 1.3. The relative entropy of p € P(R?) with respect to v € P(R?) is defined as

Jga dplog fl—g if j—g e LI (RY)
+o00 otherwise

(1.26) sl = {
= sup { fd,o—log/ el dvl.
feC,(RY) JRd R4

The variational representation in the second equality above can be found in, for instance,
[11]. Tt follows then S(-||v) : P(R?) +— [0, +o00] is well defined and lower semicontinuous with
respect to the weak convergence of probability measure topology, also known as the narrow
topology. Let

(1.27) ph(de) = 27 e "Wy, 7 = /d e V.
R
Throughout this article, we denote
(1.28) S() = Seli*) = [ plo)1og plo) + ¥(a))de +log 2
Assuming U has super-quadratic growth at infinity (part of Condition 1.5), S has compact

level sets in Py(R?) (Lemma 9.39 of [14]). Provided S(p) < oo, it follows (e.g. (9.98) in [14])
that

(1.29) grad S(p) = — (Ap + div(pV\I')) € D'(RY).
Recall the definition of (1.3) and (1.4), under Condition 1.5,

(1.30) gradW(p) = —div(pV(p+ @ % p)) € H 1 ,(R),

(1.31) gradV(p) = gradW(p) — AP(p) € D'(RY).

We introduce relative Fisher information

I(pllv) = llgrad, S (plI7))1% 1,

In particular, we denote

(132 1) = llgrad S(o)|s,, = [ |VlogpPpla)du’ (@)
R4
2 2
_ /IV,OJr—pV\IfIdx:/ Vol de + | wdp,
Rd p(x) R P R
where
(1.33) Y(z) == |[VU]* — 2A0.

Equivalence of the first three expressions in (1.32), as well as some properties of I, are dis-
cussed in Appendix D.6 of [14]. In particular, I : Py(RY) — [0, +00] is lower semicontinuous.
Next, we outline a proof showing

Vp+ pVI|? Vo2
Li(p) ;—/ Mdm—/ ﬂd:w/ bdp = I(p).
Rd p(x) Rd P Rd



Hence conclude the last equality in (1.32). First, if p € C}(R?), then I1(p) < oo (respectively
L(p) < 00) if and only if [g, %dﬁ < 00. In this case, we only need to show

@V\Ildp: —/ AVWdp,
Re P R

which follows from integration by parts. Secondly, by mollification and lower semicontinuity
of I; and I, in the weak convergence of probability measure topology (i.e. the narrow
topology), and by a convexity argument as in Lemma 8.1.10 in [2], I;(p) = I2(p) for all
p with bounded density and compact support. Finally, invoking approximation results in
Lemma D.47 on page 394 of [14], I, = I, for all p € P,(RY).

By Corollary 4.1 in [17] (taking f = 3¢ and F/ = 1I) and by an observation (1.54), at
least formally,

| AP |
(1.34) grad I(p) = —d1v<pV(—4W + @D)), if I(p) < oc.

See also Example 11.1.10 in [2]. We will not use this particular result in a direct way, therefore
not attempt to make it rigorous. However, knowing this expression helps to understand the
last few terms in compressible Euler equation (1.1).

Example 1.4. Let ¢; € C*(R?), j = 1,...,k and f € C'(R¥). With slight abuse of
notation, we denote

(1.35) f(p) = f({p, 1), (pypn))-
Then
(1.36) gradf(p) = —div(pvg—i)

= Za]f«P, 501>7 R <p> 90k>)(—d1V(pV90])) € H_lyp(Rd).

Let
1
(1.37) f(p) = 5d%(p,),  some v € Po(RY).
Let p” be defined according to (1.25), then by Theorem 8.4.7 of [2],

138)  LHe0) = [ -0 Tendndy), e 17 (o)

t=0

where I1%(p, ) is the collection of optimal transport measures between p and y — see (D.26)
on page 380 of [14] when c(z,y) = |r — y|*>. When p(dz) = p(z)dr has Lebesgue density,
mo(dx, dy) = dvy (@) (dy)p(dz) is uniquely determined by the Brenier optimal transport map
T'(z) = Vy(z) in the sense that T pushes measure p forward to v (denoted as (Vy)zp = 7)
where ¢ = ¢, is a convex function. Denote

ElR
p,w(x) = o %w(x)a

then
(1.39) gradf(p) = —div(pVp,,,) € Hfl,p(Rd»
8



Consequently, for p with Lebesgue density,

(1.40) lgradf ()21, = d*(p. 7).
See Theorem D.25 on page 381 of [14].

1.3. Hamilton-Jacobi PDEs in the space of probability measures. In this section,
we assume that ||V V 0o < oo, that |V| < ((I) for some sub-linear continuous function ¢
and that V' is continuous on finite level sets of /. Condition 1.5 provides a set of requirements
on &, ¢ and F' so that the above properties are always satisfied (See Lemma 2.18).

For p € P»(R?%) and n € H_1 ,(R?), we define a Hamiltonian function H through Legendre
transform of L,

QAN H(pn) = s ((n,m) 1, = Lip,m))
mGHfl’p(Rd)
1 :
= s () = 5llm = v(Qp+ div(pVE)IP ) + V().
meH_1,,(R?)

If p satisfies I(p) < oo, then gradS(p) € H_; ,(R?) and
1
H(p’ n) = §||nH2—1,p + V(—gradS(p), n>_17p + V(p)

Natural extension of the above expression to certain class of n € D’(R?) is straightforward.
For instance, in the case of general p € Po(R?), we can still formally apply n = egradS(p)
to the above expression

2

H(p,e gradS(p)) := (5 = ve)I(p) + V(p).

Provided 0 < € < 2v, the right hand side above is upper semicontinuous in p € Po(R?) in the
weak convergence of probability measure topology (i.e. narrow topology), and takes values
in RU {—o0}. Similarly, for all € > 0,

2

H(p, e gradS(p)) = (5 +ve) (o) + V (p)

with a right hand side being lower semicontinuous in p € P»(R?%) and taking values in
R U {+00}. Moreover, in view of (1.39), for I(p) < oo,

1 (p, o (5 (0. )

Vp+ pVU¥ 62
R /R V0~ 4 S 03) + V(o)

Now, let
0
Dy = {folp) = 5d&(p,7) +eS(p) +c:c€RO>0,0<e<w,y€ Pa(RY)},
0
-Dl = {fl(/y) = _§d2(p77) - 63(7) +cice R79 > 070 <e< 2V7p € PQ(Rd>}’
and
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For each fy € Dy and p in the effective domain of f; (i.e. S(p) < 00), by (1.29) and (1.39),

Vp+ pVV¥

grad fo(p) = —div(p(e + Gme)>.

Similar relation also holds for f; € D;. With the above discussions, we define operator
H : D — M(Py(R%);R) as follows

H(p,gradf(p)) when I(p) <oo
(1.43) Hf(p) = —00 when [(p) = 400, f € Dy
+00 when I(p) = +o0, f € D;.

In the above, M(Py(R%);R) means the collection of all measurable functions from P,(R)
to R. By Lemma 5.1, H fy : Po(R%) — R U {—o0} is upper semicontinuous for fo € Dy and
Hfy : Po(R?Y) — R U {+oc} is lower semicontinuous for f; € D;.

We are interested in two kinds of Hamilton-Jacobi equations. By resolvent type, we mean

(1.44) flp) —aH[f(p) =h(p),  pePa(RY).

Here o > 0 and h : Py(R?) +— R are given. By Cauchy problem, we mean

(1.45) { U(t,p) = HU(t,p),  (t.p) € (0,T) x Po(RY),
U,p) = g(p) p € Po(R7),

where the function g : Po(R?) — R is prescribed. The precise meaning of each equation is
spelled out in Definition 1.11 and Definition 1.12 respectively.

In Theorems 1.13 and 1.14 we prove that the above two equations are both well posed and
the respective solution is given by

(1.46) U(t, po) = sup {g(p(t)) —/0 L(p(s), p(s))ds : p(0) = po, p(-) € C([0, OO);PQ(Rd))}

= sup {g(p1) — Dlpr,pui) : p1 € Po(RY)}

and
(1.47)

Flow) =sun { [~ e a7 hip) = Lo s ) € CL10,00) PalRY), p(0) = o}

The study of Hamilton-Jacobi equation in Banach space was initiated by Crandall and
Lions [6], [7]. See also there for further references. For the setup in this article, it is more
profitable to view the space of probability measures as a metric space. Our proofs rely on
new ideas introduced in Feng and Katsoulakis [13], and Feng and Kurtz [14]. Indeed, what
were considered in these two references are exactly the special case where V' = (0. Feng
and Katsoulakis [13] only discussed uniqueness. Feng and Kurtz [14] not only discussed the
uniqueness result, but also constructed solutions indirectly using a related probabilistic large
deviation problem. In particular, it used a type of operator extension technique developed
in viscosity solution context. In this article, we consider the general case of V' # 0 given
by (1.4) and handle existence and uniqueness together in a direct way using the calculus

developed in [2], avoiding the involved viscosity extension method.
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1.4. Main results. Throughout this article, we assume that
Condition 1.5.
(1) ®,¢ € CL(RY), & is even ®(—x) = ®(x), and
[VO(z)| + [Vo(r)| < Al + |z|)
for some constant A > 0.
(2) ¥ € C*R?), the Hessian D*U(x) > Ayl for some Ay € R;
(3) Jou Ve 2 dx < oo;
(4) U has super-quadratic growth at infinity, i.e.
lim V(z)
|x|—o00 |ZE|2
(5) there exists a w € C(R;) with w(0) = 0 such that

(1.48) Uly) = ¥(r) < wlly -2+ ¥(2)),

(1.49) VU(y) = VE(@)]* < w(ly—2))(1+ V(@) + U(2));
(6) Y(x) = |VU|*> — 2AT has super-quadratic growth at infinity:

(1.50) Tim_ fo|20(z) = +oo:

(7) D*(x) > A\yI for some Ny, € R;
(8) F e CH(Ry), F(0) =0,

F d
(1.51) liﬁgﬁp |7"(+>| < 400 for some « € (d——l—Q’ 1)
and
F F’
(1.52) lim sup [F(r)] + IrF(r) < +00,

B

r—+400
for some [ € [1, ‘%2) when d >3, and § € [1,2) when d = 1,2.

If the leading order term in ¥ has polynomial growth, then the above assumptions for ¥
and ¢ are satisfied.

Since ¥ has super-quadratic growth, the relative entropy functional S has compact level
set property in Py(RY). Under (1.50), Fisher information functional I in (1.32) has this
property as well.

The function F(r) = Crlogr is a good choice satisfying the conditions for F' for all
dimensions d = 1,2,.... The lower the dimension d, the broader the class of F' is allowed.
In particular, in the case of three dimension d = 3, F(r) = Cr” with € [1, 2) satisfies the
requirements.

Under the assumptions on F'; ® and ¢ in Condition 1.5, the following holds (Lemma 2.18).

Condition 1.6. V : Py(RY) — R U {£oo} satisfies

(1) there exists a right continuous, nondecreasing function é : Ry — Ry with sub-linear
growth at infinity X
lim 7~ '{(r) =0

T—00

such that

(1.53) V(p)| < C(I(p), Vp € Pa(RY:;
11



(2) V is continuous on finite level sets of I:

lim V(p,) = V(p) whenever p, — p and sup I(p,) < oo.

n

If we strengthen the above requirement, better results can be obtained.

Condition 1.7. V : Py(R?) — R U {—oc0} satisfies

(1) there exists a right continuous, nondecreasing function f : Ry — Ry with sub-linear
growth at infinity, such that

V(o) <C(S(p),  Vp € Pa(RY);
(2) V is continuous on finite level sets of S':
lim V(p,) = V(p) whenever p, — p and sup S(p,) < oc.

The above condition is stronger than Condition 1.6 because of a version of mass transport
inequality S(p ) I(p ) - C\de(p, ) (Lemma 5.3) and

The second 1nequahty above follows by the super—quadratlc growth assumption on 1.

For the resolvent problem (1.44), we also need to impose conditions on h. Noting h can
be viewed as part of V by replacing V by V* = V + a7 'h and setting h = 0, we only
need to consider same type of conditions for V' to h. We will refer to them respectively as
Condition 1.6, 1.7 for h with the V replaced by h.

For the Cauchy problem, we assume condition on initial data g as follows.

Condition 1.8. g € C(P2(R?)), and that
—((S(p) < 9(p) < llg VOl < 00, Vp € Pa(RY)
where 6 : R, — R, is nondecreasing with sub-linear growth at infinity.

Next, we discuss the meaning of solution to (1.1).
In the case of smooth p, as observed by [17],

JAV7
VP

NV 0;p0;
2p8j7\{)_ = ) _0i(pdidjlogp) = %;p = 04 ppjp)'

Consequently, for ¢ € C>(RY),

(1.54) /Rdgppajﬁfdm___/ o Apdp + L Z/ apaj

Such observation motivates us to introduce a notion of weak solution as follow.

1
= §\Vlogp\2 + Alogp

Definition 1.9. By a weak solution to system (1.1), we mean
(1) p(+) € AC(0,T; P2(RY)) with

(1.55) S(p(T)) + / 1(p(t)) dt < oo

12



(2) u:(0,T) x R* — R? is Borel measurable satisfying u(t) € L% o(0) (R?) (see (1.12) for
definition) a.e. t € (0,T"), and

T
(1.56) / lu(t, 2)|?p(t, do)dt < oo;
0 Jrd

and
Op + div(pu) =0
in the sense of distribution;
(3) for every £ € C° ((0,T) x R%;RY),

(1.57) / /R (t,2) at £(t,7) + (u- V)E(E, x)) (t, dz)dt
/ /Rd p)divédzdt — / RdV ¢+ P p) - Ep(t,dr)dt

+v / / e D{’ — + AdivE + { V1/1> (t,dx)dt =0,
Rd p
where D¢ = (0,&;) ) is a matrix.

Note that estimates (1.55) and (1.56) ensure the integrability of all the terms in (1.57).
Let P, be the probability transition semigroup on P(R%) generated by B = A — V¥ - V.
Combine results of Lemma 2.1, Lemma 3.2 and Theorem 3.7, we have the following.

Theorem 1.10. Assume that

D(pillpo; T) == ﬂGIj(I;l)f o) S(m||Pyr ® po) < 00

and that Condition 1.5 holds. Then minimizer to (1.23) exists. Further assume S(py) < o0,
then any such minimizer (denoting it by p(-)) is a weak solution to (1.1) with supy<;<r S(p(t)) <
0.

We now discuss Hamilton-Jacobi equations.

Definition 1.11. [Resolvent problem] Let f € M(Py(RY);R U {£oc}) be a measurable
function on Py(R?) taking value on the extended reals; |f(p)| < ((S(p)) holds for all p €
P,(RY) for some sub-linear function ¢ : Ry +— R, ; f is continuous on finite level sets of S.

(1) f is called a viscosity sub-solution to (1.44) if for each fy € Dy (see (1.42)), and for
each pg € P2(R?) such that (f — fo)(po) = sup,cp, ®y)(f = fo)(p),

“Hf =) (po) < H fo(po)-
(2) f is called a super-solution to (1.44) if for each f; € Dy, and for each p; € Py(R?)
such that (fi = f)(p1) = sup,ep,re)(f1r = F)(p);
(

a ' (f —h)(p1) = H fi(p1).

If f are both sub- and super-solutions to (1.44), we call it a solution.

Definition 1.12. [Cauchy problem]| Let U € M ([0, T] x Py(R%); RU{+£00}) be a measurable
function on [0,T] x Po(R?); |U(t, p)| < ((S(p)) for all (t,p) € [0,T] x Py(R?) for some sub-
linear function ¢ : Ry +— R, ; U is continuous on [0,7] x K, where K1 := {p € Pa(R?) :
S(p) < L} for each L < 0.

13



(1) U is called a viscosity sub-solution to (1.45), if for each
a 0
(1.58) Us(t, p) = 5t = s + 5d%(p,7) + €S(p) + ¢,

where v € Po(R%), 0 > 0,0 < € < 2v,c € R, and for each (tg, po) € [0,T] x Po(R?)
such that

(1.59) (U = Uo)(to, po) = sup (U = Uo)(t, p),

(t,p)€[0,T]x P2 (R%)

we have
(a) in the case of ty > 0,

(1.60) (—0,Ug + HUy)(to, po) > 0;
(b) in the case of to = 0,

lim sup Ut,p") < g(po),
t—0+,p'—po,S(p")<C

for every C' € [0, 00).
(2) U is called a super-solution to (1.45), if for each

0
(1.61) Ur(s:7) = =51t = s = Sd%(p,7) = eS(7) +c.
where p € Pa(RY), ,0 > 0,0 < € < 2v,c € R, and for each (sg,7) € [0,7] x Po(R)
such that
(1.62) (Uy —U)(s0,70) = sup (U —U)(s,7),
(s,7)€[0,T]xP2(R%)
we have

(a) in the case of sq > 0,
(—0,U1 + HU1) (80, %) < 0;
(b) in the case of sy = 0,
lim inf U(t,7) > g(0),

t—0+,7/—0,5(v/)<C
for every C € [0, 00).
If U are both sub- and super-solutions to (1.45), we call it a solution.

In the above, in view of growth estimate |f(p)| < ((S(p)), €S(p) — f(p) is understood as
+00, when S(p) = +o00. We adapt this convention throughout this article. Therefore, f — fo
and f; — f are always well defined on Py(RY). Furthermore, by Lemma 7.1, they are both
upper semicontinuous. The case of U — Uy and U; — U is handled in a similar way.

Theorem 1.13. Assume that Condition 1.5 holds; that ||V V 0]l < 0o and that g satisfies
Condition 1.8.
Then the function U given by (1.46) is

(1) a viscosity solution to (1.45), uniquely defined on
[0,00) x {p € Po(R?) : S(p) < oo},

amonyg those satisfying (4.11);
(2) continuous on [0,00) x {p € Pa(RY) : S(p) < C} for every C € R;
14



(3) the unique continuous viscosity solution on [0,T] x P2(RY), if Condition 1.7 is also
satisfied.

The above results follow from Lemma 4.5, Lemmas 4.7 and 4.8, Lemma 5.6, and Lem-
mas 5.11 and 5.12.

Theorem 1.14. Assume that Condition 1.5 holds, that ||V V 0||s + ||V 0]/ < 00, and that
Condition 1.6 holds for h.
Then the value function f defined by (1.47) is

(1) a wviscosity solution to (1.44), uniquely defined on
{p € P2(RY) : S(p) < oo},

among those satisfying (4.2);

(2) continuous on every finite level sets of S;

(3) the unique continuous viscosity solution on Py(RY), if Condition 1.7 is also satisfied
for both h and V.

The above results follow from Lemma 4.1, Lemmas 4.3 and 4.4, Lemma 5.5, and Lem-
mas 5.14 and 5.15.

2. A PRIORI ESTIMATES AND REGULARITY
2.1. Regularity of paths with finite action. Suppose that p(-) € C([0,00); Po(R%))

satisfies the finite action property

Arlp() = [ L00(5) pe))s < .

Assuming ||V V 0]/ < o0, then

(2.1) /0 T(p,p)ds < occ.

Therefore, it follows from Lemma D.34 and Appendix D of Feng and Kurtz [14] that there
exists
m = —div(pv) € H_1 ,(R?) with v e L3 (R
such that the equation
(2.2) Op = v(Ap+div(pVV)) +m

holds in the Schwartz distributional sense. Consequently, we can write

T T]. Tl
23) [ Topat= [ Simo s di= [ 5 [ o0 Pottdo)de < .
0 0 2 "’ 0 2 Jra

We will prove in this section that

Lemma 2.1. For the above p, we have S(p(r)) < oo for each r € (0,T]. Moreover, p €
AC?((s,1); P2(RY)) for every 0 < s <t <T and

T
| (1ot + 1512 )ar < .
In particular, for 0 <r <T,

grad S(p(r)) = —(Ap + di;(pv‘lf)) € H_yp(n)(RY).



Furthermore, for 0 < s <t <T,

5(0(t))+V/ I(p(r))dr < 5(,0(8))+/ [l (r) |10 /L (p(r) )

The main goal of this subsection is to establish the above estimate as a combination of
two inequalities. First, we prove an entropy-entropy production estimate (Lemmas 2.5, 2.6).
Second, we show a variational inequality (Lemma 2.7). We note that in the case of path
generated by gradient flows, these estimates are standard (e.g. Theorems 11.1.4 and 11.1.6
in [2]). The point to emphasize here is that we are handling a much broader class of paths
which is not clear to be even absolutely continuous in time a priori. Therefore, the calculus
of [2] cannot be applied.

There are two ways to look at (2.2). In our variational problem context, the correct
way is to view p as a given path in C([0, 00); P2(R?)) which, by computation, produces m.
Therefore, the introduction of m contains no ambiguity. Once m is given, we can also think
of (2.2) as a controlled partial differential equation with m as a control. However, extensive
care is needed if we want to perturb such controlled equation to produce approximations.
Note that m has fairly singular implicit dependence on p in (2.2). For instance, the tangent
spaces H_; ,(R?) and H_; ,(R?) may have no overlap when p # ~. To make sense out of this
control interpretation, we embed the above highly state-dependent control into a much larger
space where the state dependency disappears. This is essentially the idea of relaxed control
in the sense of L.C. Young. We will define a notion of weak solution on one big implicitly
defined canonical reference space where (p,m) (or equivalently (p,v)) becomes just a low
dimensional projection of such a generalized solution. Approximation will be performed in
the higher dimensional generalized solution space. The tool we use to make this clear is
probability theory.

If we can assume that ¥ is at most quadratic growth at infinity, then all the delicate
estimates using probability can be avoided by direct mollification based deterministic analysis
method. But in this article, we needed ¥ (as well as ) to be super-quadratic at infinity, so
that, among other things, relative entropy S and relative Fisher information I have compact
level sets in P,(IRY) with Wasserstein 2-metric.

By an argument of Kurtz and Stockbridge [19] (see Section 13.3.5, especially page 340
of Feng and Kurtz [14] for an explanation), there exists a pair of stochastic processes
{(X(t),A(t)) : t > 0} with values in R? x P(R?) such that, for every r > 0 and every
© € Cp(R4 x RY),

B[ o(X(0).0)Alr,do)] = Bl(X().o(r. X)) = [ ol vlra))otr, do);

(2.4) X(t) = X(0) + / t(—uV\IJ(X(r)) +U(r))dr + V2o W (1),

where W is a d-dimensional standard Brownian motion and U(r) = [p. 2A(r,dz). Tt follows
then

PUEE < B[ oA o] = [ fotr)Potr,de) = [m(r) P

Weak solution to stochastic differential equation (2.4) refers to a probability law

P((X,\) €) € 79(01(6[0, o0); R% x P(R%)).



Trajectory

p(t,dx) = P(X(t) € dx)
is a reduced level description, in the sense that it is just a projection of the P at the X
component at time .

Let 0 < s <t < T be given. We consider stochastic representation (2.4) of (2.2) but with
initial value start at time s > 0

(2.5) X(t)=X(s)+ / (—vVU(X(r) + U(r))dr + V2 (W (t) — W(s)).

Set stopping time

ro= inf{r > s 1 X ()] > k).
Note that p(s) € P2(RY) (i.e. E[|X(s)]?] < o00). Pages 340-341 of Feng and Kurtz [14] gives
the following estimate for some super-linear function n: Ry — R,:

sup sup E[n(|X(r Am)|?)] < Cr < oo, VT >0.

k s<r<T
Therefore, for t > s,
Plry <t) < P(IX(tAT)| > k) <k ?E|X(EAT)|?] <k 2C, some0 < C < .

limg_.o T = +00 in probability. Since s < ... < 7. < 741 < ..., by monotone convergence,
limy_o 7 = +00 almost surely. Assume E[U(X(s))] < oo, by Ito’s formula,

EU(X(t A1) = E[Y(X(s))] + E[/ AT}C(—I/\V\IJ(X(7“))|2 +U(r)VY(X (1)) + vAY(X(r)))dr].

Note that
11
IVU|? — AV = SV + §|V\I/|2.

Taking k — oo, by Fatou’s lemma and Young’s inequality,

14

Blux @)+ 5 [ (50 + Ve P)ar] < E[ux o) + ¢, [ 106)P]

which implies the following

(2.6) /Rd Wdp(t) + g /St /Rd(w + %|V\If]2)dp(r)dr < /Rd Wdp(s) + C, /: [ (r)||2 1y dr

In the above, we allow the right hand side to be 4o0.

We introduce another approximation to X. We want the approximating processes to have
smooth densities, so that the usual deterministic as well as stochastic calculus apply when
densities are used as part of test functions.

For each of the estimates below, we will be concerned with only the portion of p(r) when
0 < s < r < t. For notational simplicity, we will treat s as the initial value of time and
modify the definition of X by setting X (r) = X (s) when to r < s. This implies in particular
p(r) = p(s),r < s. Let J denote the standard one dimensional mollifier with a compact
support:

1

r2 —1

J(r) == Cexp{ }, for [r| <1,  J(r):=0, for |r| > 1,

17



where C' is such that J becomes a probability density. J € C°(R) is even. With a slight
abuse of notation, we denote
J(z) = J(|z]) € C=(RY), Js(2) = 07%J(67 2).
Let Z be a R%-valued random variable with probability density J(z), |Z| < 1, and we choose
Z such that {X(-), Z} are independent. We now define
X5(t) == X(t) + V4 2.

It follows that the following convergence holds almost surely when the continuous trajectory
processes are restricted to [0,00) (that is, they are viewed as C([0, 00); R?)-valued random
variables)

lim X5 = X.
6—0+

We will make use of the following properties regarding one dimensional (in time) probability
densities. Let

ps(r,dx) := P(Xs(r) € dz).
Then by a basic probability result, ps(r,x) = (J5 %, p(r,-))(z). It follows
ps(r,-) € C(RY), r>s.

Lemma 2.2. Allowing the possibility of +00 = 400, we have for each s > 0,

lim [ W) = Jim EN(Xs())] = EX()] = [ W),

5—>0+ Rd
Proof. By Fatou’s lemma,

lim inf B[W(X5(s))] > E[W(X(s))]-
—0+
In particular, if [o, Wdp(s) = +o0, the conclusion follows.
Therefore, we only need to prove
lim sup B[V (X;5(s))] < E[W(X(s))]
0—0+
under the assumption of [,, Wdp(s) < co. The above follows by the assumed (1.48) on U,
and by independence of Z and X: when ¢ is small enough,

EW(Xs(s))] < EW(X(s))] + Elw(va2))(1+ Blw(X(s))]).

Lemma 2.3.

lim S =9 .

Jm S(ps(s)) = S(p(s))

Proof. By variational representation (1.26), S is lower semicontinuous with respect to weak
convergence of probability measure (i.e. the narrow) topology. Therefore we only need to
prove

lim sup S(ps(s)) < S(p(s)).

6—0+

We only need to deal with the case of S(p(s)) < oo, which we assume from this point on.
18



Let 0 > 0 and recall that ps = Js x, p. We note that

/plogpdaf+/ Udp = sup {<f,p>—10g/ e’ Vdr}
R4 R4 R4

fECH(RY)

= sup  {(g,p) — log/

egdx}—i-/ Wdp.
g=Ff—,feCy(R9) Rd Rd

By further approximation, for fRd Wdp < o0,

/ plogpdx = sup{(g,p) — log/ eddx . g € C(RY),supg < oo,/ eddr < oo}
R Re x R

On the other hand, for any function ¢ defined as above, by Jensen’s inequality and translation
invariance property of the Lebesgue measure,

log/ el dx < log/ eddx.
R4 R4

This implies that

(9, J5 % p(s)) — log/

R4

eddr < (Js*g,p(s)) — log/

e‘]‘s*gdxg/ p(s,x)log p(s, x)dx.
Rd Rd

Hence

fimsup [ pas. ) og pa(s, ) < [ pls. ) logpls, )
R4 R4

60—0+
Combined with the result in Lemma 2.2, we have

lim sup S(ps(s)) < S(p(s)):

6—0+

O

Lemma 2.4. Let p € C([0,00); Po(R?)) satisfy (2.2) with (2.3). Let 0 < s <t < T and
suppose further that [, Vdp(s) < co. Then

||a7‘p5||L°°((s,t)><Rd) + ||87’p5||L1((s,t)><]Rd) < o0,

||Ap5||L°°((s,t)><]Rd) + ||Aﬂa||L1((s,t)><Rd) < o0.
Proof. Note that

Ops = vAps + vV (Js * (pVV)) + Js * m.

First, for |r| <4,

mewé;_ 1< Cl7k75€%(r/5§24—1 < 02,19,667(’”/251)2‘1, Lk — 1’ 2, o
where the last inequality above follows because of
[ R S |
2(r/0)>—=1= (r/20)2—=1 2

Therefore, there exists finite constant C's > 0 such that

IV J5| + |ATs| < CJos.
19



By Young inequality for convolution, for both p = 1 and +o0,

1Aps | r(siyxray < I|ATs] Lo((s,yxray 101 L1 ((s,0)xre) < Csll 25| Lo (5,0 xrey [t — 8] < 00,
|5 * VoV ) | osyxrty < [IVIs|| Lo(styxray |0V L1 (5,0 xRa)
t
< Call aslsoansy [ ([ | (V0P )dn) e < oc
s R
< IV Is || Lospyxray |0V 21 ((5,0) xR

| J5 * V(pv)HLP((s,t)de)

t
< O5||J25||LP((s,t)><Rd)/ (/d |U(Ta I)|2d,0<7“, x)dx)l/QdT <0
s R

where we used the fact that m = —V(pv) and the estimate (2.6) to get
/ / VU 2dpdr < oco.

Lemma 2.5. For 0 <s <t <T, we have

14

S((0)+ 5 [ 160 )dr < S0 + 0, [ o)

Proof. We only need to prove the case when the right hand side of the inequality is finite.
We assumed that 0 < S(p(s)) < oo. Since ¥(x) exhibits super-quadratic growth as

|z| — oo, and since p(s) € Pa(R?) has finite second moment, p(s,dzr) = p(s,z)dz has

Lebesgue density and | [5. p(s, z)log p(s, z)dz| < co. This in turn also implies that

E[W(X(s))] = /R U (2)pls, dr) < oo.

Therefore we immediately have the estimate in (2.6).
Observe that

Xs(t) = Xs(s) +/ (—vVY(X(r)) +U(r))dr + @/ dW (r)
and X (r) = Xs(r) — V/0Z. Define

f(t,) == 1og ((ps + )e” ) (1, 2),
and denote
Vep :=e'V(e ), Agyp:=divgVep =e"V(e 'Vy) = (A - VIV)p.

Then f(t,-) € C*(R9),e > 0. To simplify, we write p = p;,

v 8,

Pyvw, o f=2L

p+e p+e
20
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and

A Vp
Agf = =P ( ‘ ~ VU - vutEo g Aw

pte p—i—e
Ap 2

- ‘ ‘ va+Am
p+te 2p—|—6 p+e

= sl e

T p+e 2 p+e 2lp+e€ 2"

Let
Tk = inf{t > s: [ Xs(t)| > k}.

We have limy_. 745 = +00 almost surely, for each 6 > 0 fixed. By Ito’s formula and Young’s
inequality,

(2.7) EIf(t, X5(t A Thys))l

—  B[f(s, Xs(s)) + O f + vAGf + UV f)(r, Xs(r))dr]

el / e (VX)) — VE(X () V£, X ()]
Bss xio] - B[ [

o.e| [ PO+ VR () — V(X ()]

IN

L) sl

tATE, 5 6”” tATE, 5 A
+E[/S L X)) + yE[/s L0 X)),

We claim that the last two terms are zero in the limit lim, o, limy_, .. We prove this next.
We write ps instead of p to emphasize the dependence on § again. First, by Lemma 2.4,

tATE, 5 a
rPs 2 -2 2
E X dr] < e 2|0, p51% t—s) < oo.
S?)LZ IW+EU s(r)Fdr] < €[]0, ps| oo ((s.0) ey (E — 5)

Consequently, by uniform integrability,

. ' Oy ' o,
lim £ / 1T<Wk%—i(r, X;(r))dr] = E| / P, X5(r))dr).

k—oo s Ps T €

" Opps ' Ps
E X;5(r))dr] = o,
g = [ ozt

Since ||0ps || 11 ((s,6)xre) < 00 (Lemma 2.4) and 0 < ps/(ps+€) < 1, by dominated convergence

theorem,
li . Ydxd O, Ydxd
EirglJr//deé_i_erx p5(rx xdr //Rd ps(r, x)dzdr.

Note that

dxdr.




Therefore

¢
ar r

lim E[/ pe (r, Xs(r = lim / / '06 (r,x)psdxdr

e—0+ s PstE€ =0+ Rd P5 T

=/ /(&pa)drdw:/ pa(t,w)dw—/ ps(s, x)dr = 0.
Rd Js R4 Rd

tATE,5 a
. . P8
1 = 0.
el_lgikirgo E[/S Py E(r, Xs(r))dr] =0

In summary,

Similarly, by Lemma 2.4,

tATE, 5
sup E[/
k s

implying that

Ps 2 _
B X)) ] < sl = 5] < 0o,

lim B[ / TBPS ()] = B / D05 xs(r))dr].

k—o0 ps +¢€ s Pste
Note also that

! Aps ¢ Ps
E X dr| = A dyd
[/s ps + e(r’ o{r))dr /s /Rd ps + e(r’ y)Aps(r,y)dydr

and that [|Aps|1((s,)xrey < 00, by Lemma 2.4,

. b Aps . ! Ps
tim B[S0 X = G [ ) Mgyt dyar

t
= // Aps(r,y)dydr = 0.
s JRA

The last step above follows by integration by parts and the fact that (recall |V Js5| < CsJas)
[Vps(r, )| < Cs(Jas *a p)(r, 2) — 0 as || — oco.

In summary, for each § > 0 fixed,

tATE, 5 A
lim lim E[/ P (r, X5(r))dr] = 0.
e—0+ k—oo s pPs + €

Note that
E[f(t, X(;(t AN Tkﬁ))] = E[Iog(p(;(t, Xg(t N Tk75)) + 6)] + E[\I/(X(s(t VAN Tkﬁ))].
By Fatou’s lemma and monotone convergence theorem

liminf liminf E[f(t, X5(t A 75))] > Ellog(ps(t, X5(t))) + Y (Xs(t))] = S(ps(t)) — log Z.

e—0t k—oo
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Therefore (2.7) simplifies to

14

Ss) < (st~ L (2] 40 Xorar]

t
4Cy [ Il
t
+OVE[/ V(X)) = V(X () dr]
By (1.49) on ¥, by independence of X and Z, and by the estimates in (2.6),

lim E[/:|W(X5<r)) V(X () Py

0—0+

< lim E[w(\/SZ)]E[/t(l V(X ()2 + U(X(r))dr

60—0+

< lim E[w(VéZ)] // (14 |VY> + U)p(r, dz)dr = 0.
R4

0—0+

Taking lim sups_,q, , by lower semicontinuity of S and I in weak convergence of probability
measure topology (i.e. the narrow topology) in p,

S(p(t)) < limsup S(ps(s)) — ZE[ ( %‘2 + @D)dr} + C,,/ ||m(r)||2_17p(r)dr.

6—0 2
Noting the result of Lemma 2.3, we conclude the lemma. U
Lemma 2.6. Let s > 0. Assume S(p(s)) < oo and (2.1) holds. Then
T
(2.8) / H(p(r))dr < o0
and
T
29) 1612 < .
Consequently, p € AC?(s, T; P2(RY)) and
e )
(2.10) 3 / 1p+ veradS(p)|*, ,dr

1 /T 2 T
= 5 Wi+ 5 [T o (S((D) = S(ol).
Proof. Lemma 2.5 gives (2.8). Recall I(p) = [|gradS(p)||?, ,,

16ll-1.p < [+ veradS(p)|-1,, + vllgradS(p)||-1,p,
(2.9) follows and p € AC?%((s,T); P(R?)).
Given the estimates above, we have almost everywhere in ¢t > 0,

6+ veradS(p)2s, = 11621, + 12 laradS()| 1, + 2v(p, aradS (o)1,

since

. d
= |pll?1, + v 1(p) + 2v=-5(p);
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where we applied the chain rule of Proposition 10.3.18 of [2]. (2.10) is an integral version of
the above identity. ([l

Lemma 2.7. Let p € C([0,T]; Po(RY)) satisfy (2.1). For all v € Po(RY) with S(v) < oo,
and 0 < s <'t,

211) 5P (p(0)7) + v [ S(plr)dr < J(p(s),2) + vS() (e~ o)

+/S ( — VA_W(p(r), v) +d(p(r), ’y)||m(r)||_l7p(r)>dr.

Proof. The proof is divided into two parts.

In the first part, we assume that [, Udp(s) < +o0.

From (2.1), we have (2.2). Let G(z) be the probability density for standard normal random
variable and let G5(2) = 679G(6712). Take ps(r) = Gs *, p(r) and

G YY) G )
R RS

(z).
We have

Ops = v(Aps + div(psus)) — div(psvs).
Therefore

10rps — v(Aps + div(ps V)| -1,p5
< lwdiv(psus)||—1,05 + |div(psvs)||—1,p5 + |#div(ps V¥)||-1,ps
= vusllzz, + llvellez, +vIIVV|z, < vV + llvllrz + vIIVE| Lz

where the last line follows from Lemma 8.1.9 of [2]. By (1.49) and the estimates in (2.6),

6lir51+/ / IV 2dps(r dr—/ / VU 2dp(r)dr < oo.

T
/ 10095 — v(Aps + div(psVO))|2, . dr < oo.

Consequently

On the other hand, by Jensen’s inequality, for any r > s,

— s, (14]2]?) < /dlog Gs(z—y)p(r,dy) <logps(r,z) =log [ Gs(xz—y)p(r, dy) < log||Gs]|s,
R

R4
implying
| dp(;(s,x) log ps(s, x)dx| < oo.
R

Combined with [, ¥dp(s) < 00, S(ps(s)) < co. Therefore, by Lemma 2.6, ps € AC?*((s, T); P2(R?))
and estimate (2.8) holds with p replaced by ps

/ I(ps(r))dr < co.
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We now invoke Theorem 8.4.7 of [2], for each 0 < s <t < o0,
1d2(p5<t) ) — 1d2( 5(s),7)

- / | ~rnoata ><vvp—f +us — vs)ps(r, do)dr

_y/ / Voo —+V\If)dp5( \dr

IN

w0 [ [ a9 w1+ [ o) -sdos(r), )
< [ (800 = vS(os(r) = v ps(r). )+ [ [ Vs (VO = wdps(rya
[ 1m0l dostr),

where first inequality follows by Lemma 8.1.9 of [2] and the second one follows from Theorem
D.50 on page 397 of [14] (see Lemma 5.2). In the above,

|2
pps(?“)n/(x) = 5 9005(?“)7( )

with ¢ = ¢, (), & convex function such that V¢ pushes forward the measure ps(r) to v (i.e.
Voups(r) = 7). Ppsr)~ is the difference between two convex functions defining Brenier’s
optimal transport map in Theorem D.25 (Appendix D) [14]. See also Theorem 6.2.4 on page
140 and Section 6.2.3. of [2].

We now pass 6 — 0+. Note that, by (1.49),

t
li VU — usl?d d
Jm | Rdl us|“dps (r)dr

t
_ nm/(nwu; + [luss —2/ G % VU - VUdp(r))dr = 0.
6—0+ s ps(r) ps(r) Rd

(2.11) follows from lower semicontinuity of S.
In the second part of the proof, we extend the result allowing f]Rd Wdp(s) = 4o0.
We consider (2.5) and its approximation

Xp(t) = Xuls) + / (—oVU(Xe(r) + U()dr + V(W (L) — W (s)),

where X (s) := X (s) AkV (—k). Then by Ito’s formula and by the assumption D?*¥ > A\g1,
SN = XWOF = 51X = X =» [ (Xulr) = X)) (THXL() = THX ()

1
S §|Xk(8) —I/)\\y/ ’Xk )‘ dr.

Therefore, limy_., X;, = X almost surely as C([s, T]; R?) valued random variables and

SEEETE[IXk(T) — X(r)]’] < CorE[Xi(s) — X (s)]?].
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Denote
pp(r,dz) == P(Xy(r) € dx), re€ls,T],
Note that, from (2.4), supy<,<p E[|X (¢)]?] < C(1+ E[| X (s)]?]) < co. Then

lim sup d(px(r), p(r)) < lim sup E[|Xi(r) — X(r)|*] = 0.

k—oo s<p<T k—oo s<p<T
Furthermore, by Ito’s formula
Orpr. = V(Apy + div(p, VU)) + my,
where my, is defined distributionally as

(my, f) = BIU(r)VF(Xi(r)], VfeCE(RY).

It follows
(e, £)] < B{UG)LEIY 0D < Il [ 1V S7dpe, € C ).
Consequently,

(P 1oy < ()l pey, V7 €[5, T,

Note, additionally, that | Xx(s)| < k, pi satisfies the condition of the first part of the proof.
Therefore

3 0.) 4w [ SN < 58 9)0) + S0

t
Ay
s [ [0 nr)) + dlpn(r) ) ) -
Passing k — oo and using the lower semicontinuity of d*(p,~) and S(p) with respect to p in
the weak convergence in probability measure topology, we conclude. 0

Suppose that p has finite action, or equivalently finite kinetic energy (2.1). Taking s = 0
in the above lemma, we know that S(p(r)) < oo for r > 0 almost everywhere. Then by
Lemma 2.5, S(p(r)) < oo for all r > 0.

By (9.98) in [14],

(2.12) gradS(p(t)) = —(Ap +div(pV¥)) € D'(RY), > 0.

Combine Lemmas 2.6, 2.7, the conclusion of Lemma 2.1 follows.

2.2. Some properties of relative entropies. Taking v = 0 in (1.21), our definition of
kinetic energy integral reduces to the conventional form, which has been used in continuum
mechanics. The work of Benamou and Brenier [3] showed that minimizer of such time integral
gives Wasserstein-2 metric. With v > 0, we lose the geodesic interpretation of the minimizing
path even at a formal level. This is because that, the minimizer, even if it exists, is not time
reversible. In Lemma 2.10, we identify the value of such minimizer using relative entropy,
a time asymmetric concept. The proof of this lemma relies on an intrinsic connection with

probability theory, of which a heuristic discussion can be found in Appendix.
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2.2.1. Relative entropy and minimizer of kinetic energy. We discuss a number of properties
concerning the relative entropy defined by (1.26).

First, the following is a consequence of elementary approximation by truncation and mol-
lification.

Lemma 2.8. Let P,Q € P(R™) and S(P||Q) < oo, then for each € > 0, there exists a
ge € C.(R™) such that the probability measure P, defined by

P.(dx) := Z7 '@ Q(dx)

has the following properties
(1) the total variation norm ||P — P.||r < €;
(2) S(P]|Q) < e+ S(P|Q).

Let po € P2(R%) be given. Let Q(x,dy) be a transition probability measure on R¢. That
is Q(x;-) € P(R?) for each z € R? and Q(-, A) € B(R?) for each Borel set A C R%. We
denote

(Q ® p)(dz,dy) := Q(x, dy)p(dx) € P(R! x RY), p € P(RY);
For each m € Il(po, p1) (see (1.7) for definition),we denote its transition probability by
m(x,dy) as well
7(dz, dy) = 7(x,dy)po(dx) = (7 @ po)(dx,dy).

Let P(t) = P, be the solution semigroup (i.e. p(t) = P(t)p(0)) of the Fokker-Planck
equation

(2.13) Op = Ap + div(pVV).

We define

(2.14) D(pillpo;t) :== _inf  S(n[|Py ® po), Vpo,p1 € Pa(RY).
w€(po,p1)

Then the following property holds

SwPr@m) = [ S lPate. ()

A stochastic connection will be useful in relating the above defined D and the action
functional.
Let Wy, Ws ... be a countable family of R%valued independent standard Brownian mo-
tions. We define a collection of independent Markov processes { X;(+) : ¢ = 1,2, ...} satisfying
(1) {X;(0) :4=1,2,...} are independent identically distributed according to P(X;(0) €
dx) = po(dz);
(2)

(2.15) dX;(t) = V2dW;(t) — VU(X;(t))dt, i=1,2,....
The generator for X; is

B = Ay =e"div(e 'V) = A - V¥ . V.
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Generator for a time rescaled version X;(v-) is vB. We denote transition probability for X;
by P,(x,dy) its density p(t;x,y) and the associated transition semigroup P(t):

(2.16) Pi(z,dy) = p(t;x,y)dy = P(X;(t) € dy|X;(0) = z),
(217) p) = pltady) = PO)pa) = | plts )l

Then P, is the solution semigroup to (2.13).
Define stochastic empirical—measure—valued process

(2.18) n(t, dz) Zéx w(do).

Then by a straightforward modification of Theorem 13.37 of [14] (where only v = 1 was
considered), or adaptations of [10] (where u, was studied with a different weak topology in
state space P(R?)), we have the following.

Lemma 2.9. The process {u,(-) : n = 1,2,...} given by (2.18) satisfies a large deviation
principle in C([0, T]; Po(R?)) with good rate function v—Kr[-]. That is,
(1) for each o € C([0,T); P2(RY)) satisfying o(0) = py, we have

— lim lim — ! ~log P( sup d(pu,(t),c(t)) <€) =v 'Krlol;

e—04+ n—oo N 0<t<T
(2) the level sets {p € C([0,T]; Po(R?)) : Krlp] < C} is compact in C ([0, T]; P2(R%))
for all C' € R.

The next lemma will play key roles in several technical estimates in later sections.
Lemma 2.10. For every py, p1 € Pa2(RY),
(2.19) inf{Krlo()] : o () € D{po, 1)} = wD(prlooi T).
Moreover, the minimum in (2.19) is attained provided the right hand side of (2.19) is finite.

Proof. The {X1, X5, ...} are independent and identically distributed. For T > 0 fixed.
We define random measure

w(dx, dy) : 25 y(dz, dy).

By the probabilistic Sanov’s theorem (e.g. Theorem 6.2.10 of [9]), the Py(R? x R?)-valued
random variables {m, : n = 1,2,...} satisfy a large deviation principle with good rate
function S(7||P,r @ po): for every m € Pa(RY x RY),

— h%lJr lim —log P(d(mp,m) <€) = S(7||Por ® po).
€—>! n—oo M
By a version of the contraction principle (e.g. Theorem 4.2.1 of [9]), consequently
— lim lim — log P(d(pa(0), po) + d(pn(T), p1) <€)= _inf S(x||Por ® po).
e—0+n—oo N w€ll(po,p1)

On the other hand, by another application of the contraction principle to the trajectory
space level large deviation result in Lemma 2.9,

lim i = log P(d(j1,(0), po) +d(1(T). pr) < €) = — inf (v~ Krlo()] : 7(0) = po, o(T) = pu},

e—0+ n—oo N
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giving (2.19).
The attainment of minimum follows from the compact level set property, given in Lemma 2.9,
for the functional K. O

By Lemma 2.10, there exists a path o(-) € I'z(pg, p1) with finite kinetic energy Kr[o(-)] <
oo if and only if D(p1||po; T) < oco. With the above estimates, we have a reachability type
result for moving mass around with finite kinetic energy Kr. In particular, we have

T

220 eD(Wlit) < Kl < Kalpl = 5 [ 1= dp+ div(TO)IE s

and
D(thﬂﬂ”ﬂO% t) = 07
for any t € [0, 7] and any path p(-) € C([0, T]; Po(R?)) with p(0) = po.
In view of Lemma 2.1 (taking F' = 0), at least when S(pg) < oo, (2.19) can be improved
into

T

(2.21) vD(p1||po; T) = inf {KT[O(-)] 1o € F(pg,pl),/ <||d|]2_1’g + I(U))ds < oo}
0

Lemma 2.11. Assume that S(po) + S(p1) < oo, then

Di(pollps: T) = Dipillpo; T) = 2(S(p1) = S(po) )

Proof. Let o(-) be as in the right hand side of (2.21) and we define 6(¢) := o(T —t). Then
1 [T .
Knlo() = 5 [ 16+ vemadS@)|2, ds
0
1 (7T
= 5 [ 16— veradS(o) 1, ds = Kalo()) - 2 (S(0) = S(e0)).
0
where the last equality follows from (2.10) in Lemma 2.6 (applied to o(-)).
Hence the conclusion holds. 0

Notice that D(+||-;¢) is not a distance. In particular, there is no triangle inequality. How-
ever, the following holds.

Lemma 2.12. For any p,7,0 € Po(R?), and r + s =t with r,s > 0,
D(yllp;t) < D(ollp;r) + D(vllo; ).

Proof. We assume that the right hand side of the inequality is finite, otherwise the in-
equality holds trivially. By Lemma 2.10, there exists a1(-) € C([0,7]; Po(R?)) and o9(-) €
C([0, s]; Po(R?)) such that

7O =p )= D) = [ Tlorw. o)
and .
70) =0, oals) =7 vDOllois) = [ T(oa(w. dulu))du
Pasting oy, 09 together to define a new trajectory 0(-0) € C([0,t]; Po(R%)) with o(0) = p

and o(t) = y:

o(u) = o1(u)locuzr + 02(u — 1) Lrcuzs
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Then

vD(rlpit) < / T(0 (), 6 (1) )du

= [ 1@ @it [ T, o)
= vD(o|p;r) +vD(vllo; s).
O

The following result follows essentially from a re-parameterization of time variable in the
definition of action integral Kr[-] in (1.21), which in turn defines D.

Lemma 2.13. Assume that t > 0, then
lim D(5(lpo:t = 5) = D(vllpost)-
Proof. First, we show that
liminf D(y|po; t = 5) = D(7|po; 1)-

We only need to prove this when liminf, .o+ D(7|po;t —s) < oco. By working with a sub-
sequence if necessary, we can assume without loss of generality that D(v|po;t — s) < oo
for all 0 < s < t. For each 0 < s < t, let my € II(pg,7y) be such that D(v|po;t — s) =
S(7s|| Pyt—s) @ po). Let 7 be a limit point of the relatively compact sequence {7, : s > 0} in
P(R? x R?Y). Then 7 € I(py,y) and by lower semicontinuity of the relative entropy function,

lim inf D(5]|pos t = ) = i inf S(7[| Poe—s) © po) = S(wl[ Pt © po) = D (] poit)-

Next we show that
limsup D(7][po;t — 5) < D(7]lpo; t).

s—07t
We only need to show that case when D(v||p;t) < co. By Lemma 2.10, there esists o(-) €
I'+(po, y) such that

t
1. . _
vD(y||po;t) = Kilo(+)] = / §||a —v(Ao + le(UV\I/))Hz_LUd?” < 0.
0

Let 0 > 0 be small enough so that § <t —s. We construct a new path
t—90

(t—0)— s(

Then & (-) € I't_s(po,7y). Consequently, by Lemma 2.1,

a(r):=0(r),0<r<6, oa(r)=0c(d+ r—9)),r€[0,t—s|

DOt =) < KeloOl = KsloO+ [ 510+ varadS@)I2, pdr

t—5—s [t1 t—06 . =~
15 )y 2l et Sl

t—0 "1 t—6—s [Tv?
= Kilo(- - 7 Zlall? P - i r
5["()]+t—5—5/5 SIo1Z0dr + —— /5 5 [(o)dr

= Kslo()] +

¢
+/ V(gradS(a),@?_l’Udf.
5
30



With the estimates in Lemma 2.1, taking limit lim sup,_,,+ on both side of the inequality
above, we have
lim sup v D(7[[po; ¢ — 5) < Kelo ()] = vD(vllpo; t)-
s—0

O

Lemma 2.14. Suppose that v € Pao(R?) satisfies S(v) < co. Then if p, — po in Pa(R?), we
have

lim D(v][pn;t) = D(7l[po; 1)

n—-4o00

for every t > 0.

Proof. Let m, € Il(p,,7). Then {m, : n=1,2,...} is relatively compact with every limiting
point satisfying my € II(pg,7). By variational representation of relative entropy function,
along subsequence of the limiting point,

lim inf S(7,[| Py @ pp) = S(mol| P @ po) 2 D([lpo; t)-

By the arbitrariness of 7, liminf, ... D(v||pn;t) > D(7v||po;t).

Next, we show that the other direction of the inequality also holds. Without loss of gen-
erality, we assume that D(v||po;t) < co. Let 0 < s <t and let mo(dx, dy) := mo(z, dy)po(dx)
be such that D(v|[po;t — s) = S(mo|| Pyt—s) ® po). The existence of such my is guaranteed by
the usual compactness-lower semicontinuity argument. We approximate such my next using
Lemma 2.8. We will find a function h. € Cy(R% x R%) and define the following quantities

me(dx,dy) = Z7'" TV (Pyy_y @ po)(da, dy),
7T-n,e(d'ru dy) = Z;,iehe(w’y) (PV(t—s) & pn)(dx7 dy)>
Tne(dy) = o (RY dy).
By Lemma 2.8, we can choose h, so that
222)  D(llonit — ) = Sl Pui—s) © po) = S| Pugr—sy @ po) — e

Therefore,

D(Ynellpnit =) < S(Tnel| Pop—s) @ pn) = /d d(h/gehE)(Py(t*s) ® pp)(dx, dy) —log Zy, .
R4 xR

Consequently

limsup D (v ellpn;t —s) < / (he€") (P, —s) ® po)(dz, dy) — log Z.
R4 xRd

= S(ﬂ-eHPV(t—s) & ,00) S €+ D(V”p(bt - 8)7

where the last inequality follows from (2.22).
By "the quasi-triangle inequality” in Lemma 2.12, for every 0 < s < ¢,

D(llpnit) < D(nellonst = 5) + D(v][7ne; 5)-
Note that we suppress the dependence of 7, = Vs on s > 0. For each s > 0 fixed, by
Lemma 2.8, lim_,4 lim, o Y5, = 7 in narrow convergence topology in P(Rd). We claim
that (Lemma 2.16)

2 g i, PO 8) =0
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Take limits lim;_ oy lim. g4 lim,, ., on both sides, therefore

lim sup D(7||pn; t) < hmsupD(vao,t — )+ lim lim lim D(y|vnes) < D(v]|po;t),

n—00 5—04 5s—0+ e—0+ n—oo
where the last inequality above follows from Lemmas 2.13. 0
Lemma 2.15. Let 70,71 € Po(RY). Then
2 s
Denhis) < 3 [ TePlala) = wlelde) + 50 () + 10).

Proof. We only need to prove the case when I(g) + I(71) < co. By (2.19), by a reparame-
terization of time,

1. .1 [t .
D(71lv058) = glnf{§/0 16(t) — sv(Ap + div(pV O 12, wydt = p(-) € Tr=1(y0,71)}-

Let p(t) = (1 — t)y0 + ty1, then p(-) € Tr=1(y0,7) and I(p(t)) < (1 — )1 (y0) + tI(n).
Consequently

1 1
(2.23) vDlnls) < 7 [ IRt + 7 [ Tote)a

1
I I
< 8_1/ ||p||2_17p(t)dt+SV2—(/Y0)_g (71)
0

By Proposition 7.10 of Villani [26],
dlp(t).p(t2) <2 [ [oPloltr,) = plta,a)lde =24t~ ta] [ [ol (o) = 7 (o)ldo.
R R

Let |p'| denote the metric derivative of curve p. See Theorem 1.1.2 of Ambrosio, Gigli and
Savaré [2]. Then

1/(8) = lim 22U *lhﬁ)’p“” <2 [ [oPlhola) - m(o)lds

By Theorem 8.3.1 of [2],

[ 101t = [ 1p0ra < ([ ot - m@ian)’

The conclusion follows by combining the above estimate with (2.23).

O
Lemma 2.16. Assume that S(yy) < oo, and that for each s > 0, lim, o Yns = Yo in the

weak convergence of probability measure (i.e. the narrow convergence) topology. Then

Jim lim D(50][,::5) = 0.

Proof. We will write 7,, := 75,5 to simplify writing as there will be further subindex intro-
duced.
By Lemma 2.12, for every 0 < 2r < s,

D(70‘|'7n; 3) < D(’YOHPW')@; ) + D(Prol| Poryn; s — 21) + D(Pw'ynH/Yn; T)
— 00— 2<S(PW70) . S(%)) + D(Porol| P § — 25) + 0,

where we used Lemma 2.11 in the last step.
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By small time behavior of diffusions (e.g. Theorem 24.16 of Villani [27]),
(2.24) I(P,n) < Coyd® (Y, 1), mn=1,2,...,0<ro <7 <719+ 1.

where 0 < (), < co. We claim that, for each r > 0 fixed,

n—oo

(2.25) lim 22| Py () — Poyyo(z)|de = 0.
R4

Then, by the estimate in Lemma 2.15, for each s > 0 fixed,
lim lim D(P, || Pyryn; s — 2r) = 0.

’,"*)% n—00

Moreover, by (2.10) in Lemma 2.6, denote v(t) = P,;7o, then

L , , e v?
i i (S(P20) = S(00)) = = il [ (Gl + 1))t =0

Consequently, we conclude that

lim lim D(yl[yn;s) = lim lim V(S(PW%) — S(%))

5s—0+ n—oo s—0+ r—»%

+ lim lim lim D(P,,7o||Poyryn; s — 2r) = 0.

s—0+ 7‘—>% n—oo

We verify (2.25) next. For convenience, we denote 7, , := P,,7, and v, := P, First,
from (2.24), we have sup,, [ ¢dvy,, < oo with ¢ having super-quadratic growth at infinity.
Therefore, all we need to verify is

(2.26) lim V() — Y (z)|de =0, VM > 0.

=00 Jlz|<M

We note that [y, — 7| = (\/ Vi + v/70) [/ Vs — V], denote x(2) = x(|z| < M),

/|| . V() = vp(2)|dz < ||\/7n,r + WHL?(Rd)HXM(\/%,r - ﬁ)||L2(Rd)
z|<

< QHXM(\/ Y — ﬁ)"LQ(Rd)-

From (2.24), it follows sup,, ||Vm||%2(Rd) < oo, implying that {,/7,, :n =1,2...} is rela-
tively compact in L2({|z| < M}) in the norm topology. On the other hand, lim,, .o Vn,r = V»
in the weak convergence of probability measure (i.e. the narrow convergence) topology. Com-
bining such strong compactness with weak convergence, we obtain the strong convergence as
needed in (2.26). The details can be found almost identically in the proof of Lemma D.48

of Feng and Kurtz [14] on page 396. O
Lemma 2.17. Suppose p, — po in Po(RY), and let o(-) € C([0,T]; Po(RY)) satisfy (2.1).
Then

lim D(o(7)]|pn; 7) = D(o(7)l|po; 7)
for every T € (0,T).

Proof. Since o(-) satisfies (2.1), we obtain from Lemma 2.1 that S(o(7)) < oo for each 7 > 0.

The result then follows from Lemma 2.14. O
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2.3. Internal energy / pressure function estimate. We provide some estimates regard-
ing internal energy and pressure function which will be useful in later analysis.

Lemma 2.18. Confiz'tion 1.5 implies Condition 1.6. That is, there exists a non-decreasing
sub-linear function ¢ : Ry — Ry such that |V (p)| < ((I(p)). Moreover, V is continuous in
the weak convergence of probability measure topology in finite level sets of 1.

Proof. The proof of (1.53) consists of three parts.
First, we show that for § > 1,

(2.27) /Rd PP (x)dx < C(1 + /Rd |V/pl2dz)™ < C(1+ I(p))™

for some 1 < 1. Let p(dz) = p(z)dr € Po(R?). Take 0 < § < 1 and p > 1 satisfying
00p = 1, then

/ Px)de = / 27500 g < </ pﬁépdl’>
Rd Rd
= ([ o) =1l

We recall the usual Sobolev embedding theorem (e.g. Theorem 4.12 in Adams and Fournier [1])
next. In dimension one and two d = 1, 2,

(2.28) 1 fllLamay < Cll £l may

for any ¢ € [2,00). Therefore provided 3 < 2, we can find a p satisfying the above requirement
and (2.27) holds with 7o = f — 1/p < 1. In dimension three and beyond d > 3, Sobolev
inequality (2.28) holds with ¢ € [2, d2d2] When g € (1, d%f), d—(d—2)5 >0 and

2 < L <

00

d—(d—-2) (-1
Hence we can take a p > 1 Satisfying W < pandp< %1 at the same time. The first
ﬂp 1

<

p—1

([ o55a)™
R4

S =

0<

inequality implies d 5, and the second implies ﬁpp L < 1. Consequently (2.27) follows

again. In view of the above estimates and (1.52),

/ [Fpla))ldo < C(1+ 1(p)"
{zeR%|p(z)[>1}

Second, from (1.51), we have |F(s)| < Cs®, s € (0,1). Since a < 1 and 2a/(1 — a) > d,

/ Fp(a))ldz < C / e
{zeR%:|p(z)|<1} Rd
_ / @)1+ )2 (1 + [2]) 2 de
Rd

= </Rd(1 + |$’2)P($)dx>a</Rd(1 i |5U\2)1aadx>1_a

< c<1+/ |z[2dp).
R4
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Since 1 has super-quadratic growth, there exists sub-linear, concave function ¢ : Ry — R
with |z|?> < ¢ o ¥(x). Therefore

F(p(x))|dx o)d d 1(p)),
[Pl < [ (condn ([ van < clrto)

where the last step follows from Jensen’s inequality.

By assumptions regarding ® and ¢ in Condition 1.5, they may have at most quadratic
growth. Therefore, combined with the previous estimates for [, F(p(x))dz, we have (1.53).

Finally, let p, = p in weak convergence of probability measure (i.e. narrow convergence)
topology and suppose sup,, (p,) < oo. In particular sup,, [p.|Vy/pnl’dz < co, hence up to
a subsequence /p, — ,/p in L? . norm topology by compact Sobolev embedding result. For
details, see similar arguments in the proof of Lemma D.48 on page 396 of [14]. This implies
F(pn(z)) — F(p(x)) almost everywhere. Next, we show that the { can always be chosen so
that

(2.29) |F(p(x))|""edx < n(I(p)) < C < 00
R4

for some € > 0. By uniform integrability, therefore
lim [ Fp(2))de = / Flp(x))dz.
n—od R4 R4

To see (2.29) holds, we observe that if F satisfies (1.51) and (1.52), |F|'*¢ also satisfies
the conditions for some sufficiently small ¢ > 0 with a slightly different choice of «, 3 (for
instance, by (1 + €)a and (1 + €)f).

Since sup,, I(p,) < oo also implies that sup,, fRd Ydp, < co. 1 has super-quadratic growth
and &, ¢ have at most quadratic growth, therefore interaction energy W defined in (1.3)
converges as well

lim W(p) = W(p).

n—-+o0o

3. ACTION-MINIMIZING PATHS IN THE WASSERSTEIN SPACE Py(R?)

3.1. Existence of action minimizer. We assume that (1.6) holds and that extension of
V to all probability measures satisfies ||V V 0]/, < 0o. Then

MM—&M—AVWW%: C([0, T); Pa(RY) > [—c, +oc]

where ¢ = ||V V 0||T, is well defined. In some interesting cases,

T
/ V(p(s))ds = p(-) € C([0,T]; P2(R?)) + [~o00,¢]
0
can be upper semicontinuous. For instance, take
F(r) = —c17? 4 cor® 4 carlogr

where ¢; >0 and 1 < a < (3, and § € (1,%2), d>3and 8 € (1,2) when d = 1,2. We
define
_ [ JraF(p(z))dz+W(p)  when  p(dz)= p(z)dz,
Vip) = :
—00 otherwise.
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Then by a result regarding convex integrals of measures (e.g. Lemma 9.4.4 of [2]) applied to
the leading order term —c;r” of F, and since * and rlogr can all be dominated by r° when
r > 1, we have that V' is upper semicontinuous in the Wasserstein convergence topology (W
is continuous in this topology).

Lemma 3.1. Assume that ||V V 0|l < oo and Condition 1.5 hold, and that V' is upper
semicontinuous on Pa(RY). Let po, p1 € Po(RY). Then there exists a path p(-) € T(py, p1) N
AC*(0,T; P(R%)) such that

Ar[p(-)] = inf{Az[o ()] - o (-) € T'(po, p1)}-

Proof. Since I'(pg, p1)NAC?(0, T; Po(R?)) is never empty, if inf { Ar[o(-)] : o(-) € T(po, p1)} =
+00, then any path in I'(pg, p1) is a minimizer.

We now assume inf {Ar[p(-)] : p(+) € I'(po, p1)} < oo with {o,,(-)} C I'(po, p1) & minimizing
sequence. Since ||V V0|« < 00, the paths o,(-)s can be chosen so that sup,, K7 (7,(+)) < oo.
By Lemma 2.9, {0,(-)} is relatively compact in C([0,T]; P2(R%)). Note that K is lower
semicontinuous by Lemma 2.9. The upper semicontinuity of V' implies upper semicontinuity

of
/0 V(o (r))dr : C([0,T]; Po(RY)) — RU {—oc}.

These give lower semicontinuity of Ay as a functional on C([0, T]; Po(R?)). Choose p to be
any limiting path of {0, : n =1,2,...}, it is therefore a minimizer of Ar. The desired result
follows. In particular, the p € AC?(0, T; P(R?)) regularity follows from Lemma 2.1. O

Suppose that (1.53) holds, we now introduce another functional J = Jp : C([0, T]; P2(R?)) —
R U {+00} by
Tri o 1,
(3.1) Jr(o()) = ) [§||U(S)|Ll,g(s> +5vil(o(s)) = Vio(s))] ds.

Note that, because of (1.53), this functional is well defined even in the absence of assumption
|V V0| < co. In the following, we will only be interested in paths with finite kinetic energy
Kr[p(-)] < co. Then, by the first part of Lemma 2.1 (see also Lemma 2.7), S(p(r)) < oo for
all 0 < r < T, regardless of the finiteness of S(py). On the other hand, recall that, if

(3.2) D(p1l[po; T) < oo,

by Lemma 2.10, there always exists 6(-) € I'(pg, p1) minimizing K7 over all o(-) € T'(po, p1)
with Kr[o(-)] < oco. Hence the set {o(-) € I'(po, p1) : Kr[o(:)] < oo} is non-empty under
this assumption.

Lemma 3.2. Let py, p1 € Po(RY) satisfy (3.2) and S(py) < co. We assume that Condi-
tion 1.6 holds. Then there exists a path p(-) € T'(py, p1) N AC?(0, T; P(RY)) with

3:3)  Arp()] = nf{Ar[o(-)]: a() € T(po, p1), Krlo(-)] < oo}
— inf{Jr(o()) : o) € T{po, p1)} +v(S(p1) = S(po) ) < o0,
Moreover, every such minimizer p must satisfy

[ (11 e+ 1000 s <0
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If, furthermore, ||V V 0| < oo, then
inf{Ar[o(-)] : o(-) € D(po, p1), Krlo(-)] < oo} = inf{Ar[o(-)] : o(-) € I'(po, p1)}-
Proof. Let o € I'(py, p1) with Kr[o(-)] < co. By Lemma 2.6,

3.0 [ (166 + 106 )5 < o,
o € AC?*(0,T; Po(R?)) and, with (1.53),
Ar[o()] = Jr(o()) +v (S(p1) — S(po)) -
Moreover, with (1.53), (3.4) hold when Jr(o(+)) < co. Therefore
inf{Az[o(-)] : o(-) € I'(po, p1), Kr[o(-)] < oo}
= inf{J2(o(")) : 0(-) € T(po, p1)} +v(S(or) — S(1)).
To show existence of an p satisfying the conditions of the lemma and

Jr(p) = inf{Jr(o()) : o(-) € Dlpo, p1)},
we only need to verify that J is lower semi-continuous and has compact finite level sets.
Next, we prove that Jr is lower semicontinuous. First, noting the variational nature of
the H_; , norm (see (1.17)),

1/0 1A% ods = sup (o(T'-), p(T)) = (0, -),0(0))

2 peCee ([0,00) x RY)
T 1 )
- [+ 5o 0]
0

Therefore, the above is lower semicontinuous on C([0, T; P2(R%)) (see also Proposition 3 in
[15]). Second, in view of Lemma 7.1, Condition 1.6 implies that

2 1) = V(p) : PaBY) = B, U {00}

is lower semicontinuous. Therefore, the functional

[ (510000 - vipt)ar

is also lower semicontinuous on C'([0, T]; Po(R?)). Combine the above two steps together, Jr
is lower semicontinuous.

Next, we show that J has compact finite level sets. Let {o,(-)} C I'(pg, p1) be such that
sup,, J1 (o,(+)) < co. By (1.53),

(3.5) s [ [0 0+ ()]s < oo,

n

By (2.10) in Lemma 2.6 and by Lemma 2.1,

sup sup S(o,(s)) < oo.
n 0<s<T

Since S has compact finite level set,

on(s) €K, 0<s<T/,n=12...
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for some compact set K C Py(R?). By Theorem 8.3.1 of [2] and property of metric derivative
(e.g. Theorem 1.1.2 of [2]),

¢
d(o,(t),0n(s)) < / ||('7n(7“)||,170n(74)dr < Crlt — s|%, n=12,...,0<s<t<T

for some Cr > 0. By Ascoli-Arzela theorem, {o,(-) : n = 1,2,...} is relatively compact in
C([0,71; P2(R7)). O

3.2. Minimizer of action satisfies the compressible Euler equations. Suppose that
(3.2) and (1.53) hold, and that S(py) < oo. Let p(-) € T(po, p1) N AC?(0,T; Po(R?)) be
a minimizer of Ar as in (3.3) of Lemma 3.2 . By the absolute continuity of p(-), and
by Theorem 8.3.1 in [2], there exists a unique Borel vector field u : (0,7) x R? — R4
with y(t, ) € sz,p(t) (R%) (see (1.12) for definition) a.e. t € (0,T) satisfying the continuity
equation
Op + div(pu) =0

in the sense of distribution. In this section, we prove that (Theorem 3.7) every such pair
(p,u) is a weak solution to system (1.1) in the sense of Definition 1.9.

Let £ € C°((0,T) x R% R?) with £(0,7) = £(T, z) = 0,z € R First, we define {n(t,e,") :
t €10,7],¢ > 0} a class of deformation of the identity map in direction £ in the following
sense: for each t € [0, 7] fixed, let n(t,-,-) : [0,T] x (=1,1) x R? = R? be the smooth flow
in € given by

{%n(t7€vx) - §(ta77(ta€7$))a
n(t,0,z) = =x.

In the above, t is a parameter in the flow and € is playing the role of time. By a well known
result (e.g. Theorem 2 on page 84 of [23]), n(t,€,x) € C°((0,T) x (—1,1) x RY). We will
write n°(t,z) = n(t,e,x) to emphasize the role of ¢,x, when € is viewed as a parameter;
and n§(z) := n(t, e, x) to emphasize the role of x, when both ¢,¢ are viewed as parameters.
Section 4.1 of [17] contains a number of useful properties for n which we will use in the
following derivations.

We now introduce a perturbation of the path p(-) along smooth direction &:

pe(t) = ne(ta ')#p(t)7 for ¢t € [Oa T]
That is
(3.6) / ply) p(t, dy) = / p(n(t, x))p(t, dr)
R R
for every bounded measurable function ¢ on R%. £(0,z) = £(T, ) = 0 implies that p¢(0) =
p(0) and p(T') = p(T).
Lemma 3.3. p¢ € AC?(0,T; Py(R?)).

Proof. Let 0 < s < t < T. By Kantorovich duality, there exists 7y (dz,dy) € P(R? x R?)
with

Eps)plt) = [ le=slPmi(de.dy).
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Let random variables (X(s), X(t)) be such that 7y (dz,dy) = P(X(s) € dz,Y(t) € dy).
Then X¢(r) := n°(r, X(r)) has probability law p¢(r,dx) = P(X(r) € dx) = s,t. By
global Lipschitz continuity of n°(¢,x) in (¢, z), there exists L = L¢ > 0 so that
d(p°(s), p (1)) < E[IX(s) = X)) < L* (s — 1] + B[ X (s) = X(1)[])
< L [Js— t 4+ p(s). p(8)]

The absolute continuity of p¢ now follows from the absolute continuity of p. O

By Theorem 8.3.1 of [2], p° € AC?*(0,T;Py(R?)) implies the existence of a Borel field
u(t, ) with u(t,-) € sz’pe(t)(Rd) (see (1.12) for definition) a.e. t € (0,7T") such that

Oyp° + div(pu®) = 0.

We now characterize the time evolution of u¢ next. Let p € C°(R?Y), for € sufficiently small,

G Lear® = 4 [ et oo
= [ Vet (t.a)) - (t.o) pltodo) — [ ol a)div(on) da
= | Vel (t.e) - O () + (ultsa) - V) 2)] il de)
= | Vel) - [0+ (D] (60 ) () (),

where the last equality follows from (3.6). The above sequence of displays identifies that

u(t,x) = [0 + (u- V)] (¢, (n°(t, )~ (@) -

In particular, u%(t, z) = u(t, z). It follows then
B 1O = [ ) tde) = [ 10ar(t.a)+ (D) ot da).

Lemma 3.4.

0 1 [T ) T
e 6:05/0 o =1 pery dt = /0 /Rd u(t, ) - [@f(t,x) + (u - V)f(t,x)]p(t,da:)dt.
Proof. Let
f(ta ¢, [L’) = 0 1‘87577 (t :U) (u : V)ne(t,.f)‘z

- [amt, 2) (- D) - [t (1, 2)) + (e V) (1, 0)]
Let D(e;t, ) := Dy ,n(t, €, x), then

4 D(esta) = 0.&altn(te.2))) - Dl ),

where &(t, ) = D,£(t, x). By Gronwall inequality,

sup sup |Dy,n(t, )| < c(1+ |z|).
ee(—1,1) t€[0,T]

Therefore

[f(t,e,2)] < C(1 +3\91'!2 +[u(t, z)%)



with a constant C' independent of (¢, €, x). Consequently, by (3.7) and dominated convergence
theorem

o) 1 )
. 1
o [ =i e [ [ et an

/o » f(t,0,z)p(t,dz)dt = /0 /Rd u(t, ) - 3t§(t,x) + (u- V)f(t,x)] p(t, dx)dt.

U
From Lemma 3.2, we know that (2.8) holds. In view of (4.9) and (4.10) of [17],
T
(3.8) / I(p(t))dt < 0.
0
Lemma 3.5. Assume fo ) dt < 0o, then
J; 1
R - ))dt = Dg— + Adive + 5 vw) (t, dar)dt.
O€le=02 Rd

Proof. By Append1x D.6 in [14],

/ dt—4/ / dzdt < oo,
0 R4

dp ’
which implies, in particular, that Vp(t) € L} (R9) V\/_ = € L}

loc
€ (0,7).
Because of the basic estimates in (4.24) and (4.25) and (4.19) of [17], by dominated
convergence theorem,

%7’3 (R?) almost every

d

T
— I(p = 1
de 6:0/0 (p"(r))dr 5i>%1+/ /6 5/$€Rd 20 86
- /0 de

By (4.17) in Theorem 4.1 and (4.28) in Corollary 4.1, both of [17], and by integration by
parts,

dp(t)
i (z)

2
dxdedt

I(p(r))dt.

e=0

11( “(r))

Vp Vp

9
Dé le=
_ / g— ﬁ—V(dlvg)Vp]dx—i-l/ £+ Vipdp

_ /R< Vp”Dg —|—Adiv§+§§-v¢)p(t,dx).

Combine the above results yields the lemma. O

By (3.8) and (1.53),

/OT V(pS(t))dt < oo.

Next, we show that
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Lemma 3.6. Under Condition 1.5, for each bounded open set O C R,

(3.9) /0 /O \P(p(t, 2))|dadt < C(1+ /0 I(p(t))dt) < oo
and

o VP(olt,2))

Ep 5:0/ ))dt = / /]Rd x) + @ x, p(t, x))—i—W -&(t, x)p(t, dx)dt.
Proof. We have

Wo) = [ o+ [ [ o= dne )

= g o(n(t,x))p(t,dx) + /Rd /Rd (t,z1) — n°(t, z2)) p(t, dxq) p(t, dxs).

This together with the fact that ® is even gives

2N wewra= [ [ 6+ e o0 ant )

In the above, we applied dominated convergence theorem, which holds because that ]%ne(t, x)| <
1€]l00 < o0

To consider the [o, F(p*(t))dt term, we modify the arguments of Lemma 10.4.4 in [2].
First, when € is small enough (depends on ), we get from the area formula for push forward
of probability measures (e.g. Lemma 5.5.3 of [2]) that

/Rd F(p(t,y))dy = /RdF<%>|detne(t,x)|dx = /RdG(p(t,x), |J(t,€,x)|>dx

where G(x,s) := sF(s™'z) and J(t, €, z) := detDn(t,z) and the D means derivative in the
x-variable D,. Direct calculation (e.g. (4.5)-(4.6) of [17]) gives that

8EJ(t7 67 x) - divg(t7 n(t7 67 x))(](t7 67 x)? J(t7 07 I) = 1;

and that
Ol(t, e, x) = divé(t,n(t,e,x)), (¢, 0,2) =0,
where [(t, €, x) :=log J(t, €, x). Therefore

sup  |l(t, e, 2)| < cqe.
te[0,T),z€R4

Noting 0,G(z,s) = —P(s™'x), for € € (—¢p, ) for some € > 0,
9 _ p(t, )
8—G<p(t,x), |J(t,e,x)|> - —P(m)dwg@ n(t,e,2))J (¢ €, z).

By (1 52) and estimate (2.27), (3.9) holds and by dominated convergence theorem,

€= 0/ /Rd t y dydt - 52151+ 25/ /]Rd/ (t E,I))dEdl‘dt
- | L
= / / p(t, z))divé(z)dzdt.

R4
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G(p(t,x), J(t, €, x))dxdt
e=0



Combine the above results, we have

Theorem 3.7. Assume that (3.2) and (1.53) holds, and that S(py) < oo. Under Condi-
tion 1.5, any minimizer o(-) € I'(po, p1) of (3.3) in Lemma 3.2 satisfies

T
(3.10) / (HdHQ_LU + I(U))ds < 00
0
and is a weak solution to (1.1).

4. WASSERSTEIN CONTINUITY OF THE VALUE FUNCTIONS

Throughout this section, we assume that
(4.1) [V VO|loo + |2V Olloc + [|g V O]|se < 0.

Among other things, this implies that the value function f in (1.47) and the U in (1.46) are
well defined. First, we give some growth estimates on f.

Lemma 4.1. Suppose that Condition 1.5 holds and that Condition 1.6 is satisfied with V'
replaced by h. Then

(4.2) —C(S(p)) < f(p) < VOl +aV VOl Vp € Po(RY),

for some sub-linear function ¢ : Ry — R,.
Moreover, if Condition 1.7 is satisfied for V' and for h (that is, with the V' there replaced
by h), then f: Po(R%) — R is a finite function.

Proof. First, we recall that

Flon) = sup{ / e [0 (o) — Lipup)] ds < pl-) € C([0, 00); Pa(RY), p<o>=,oo}.

The upper bound f < [|2V 0]|o + a||V V 0|« follows.
Next,

(4.3) f(po) > / a~le " [h(o(s)) + aV (a(s))] ds,
0
where o(-) € C([0, 00); P2(R?)) is a path satisfying
0(0)=po and 0O =v(Ac+div(eVV)).
By Lemma 2.5, § |, "I(o(r))dr < S(py), for every t > 0. By Fubini theorem,

/too a~le " (o(t))dt = a7t /Oo (a‘le_o‘lt/rt I(a(r))dr> dt < iS(po).

=0 t=0 =0
Under the assumptions, by Lemma 2.18, h+aV > C o I for some nondecreasing sub-linear
function C We may assume without loss of generality that C is concave. Then (4.3) yields

Fon) > - / Tl N (I(o(s))) ds
> ([ e o) = <4 (),

where we used Jensen’s inequality for the second inequality.
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Now, suppose that Condition 1.7 is satisfied for V as well as for h. Then h+aV > —(o S
for some nondecreasing sub-linear function é . By Lemma 2.7, there exists 7" > 0 such that
S(o(T)) < oo, and fOT S(o(s))ds < oo. In addition, Lemma 2.5 gives that sup; S(o(s)) <
S(o(T)). Therefore, it follows from (4.3) that

o) > —Awa*aﬂ%asw@»MS
> —14 a—%fﬂ%éu%au»»ds—éosuWT»>]C”a—%fﬂ%ds>-—ax

proving the finiteness of f. ([l

We discuss continuity of f in the following three lemmas.

Lemma 4.2. Assume that Condition 1.5, and Condition 1.6 for h (i.e. with V replaced by
h), both hold. Then for every py € P2(R?) with S(py) < oo, we have

(4.4) h(sfg(i)fiff(PéPo) > f(po)-

Assume that, in addition, Condition 1.7 holds for V' and for h. Then (4.4) holds for every
Lo € 7)2 (Rd)

Proof. Let € > 0, by the definition of f, there exists p(-) € C([0, 00); Po(R%)) with p(0) = po
such that

flw) et [ e [a (o) - L(6(s).4(5))] s
0
From the finiteness of f(pg), |7V 0]l and ||V V 0]/, it follows that
T .
/ T(p(r), p(r))dr < oo, T >0.

0

By Lemma 2.10,
D)) < v [ T(p(0).pr)dr < o0 7€ (0.7)
0

By Lemma 2.1, S(p(7)) + I(p(7)) < oo for almost every 7 € (0,7). For each such 7, it
follows from Lemma 2.14 that lims_oy D(p(7)||Pospo; T) = D(p(7)]|po; T) < 0.
Let {p(t) : 0 <t <7, p(0) = Pspo, p(7) = p(7)} be a minimizing path in (2.19) such that

KWN:[iwmmww:ﬂwmwmmﬂ<m
43



The existence of p is guaranteed by Lemma 2.10. We now extend the definition of p by
letting p(t) = p(t) for t > 7. Then for each 6 > 0, we have

45) B = [ o hE0) - L0, 50)] d
> [ e [ o) - Lot i(s))] ds
i / o1e= " [h(p(s)) + aV (3(s))] ds — K, [5(.)]

> Jlo) = [ e o) + aV (3() s
(@Y Olloo IV V Oll) + €7 T[] — K [50)]
> Flow) =t [ e o) + aV (3() s
—7 (a7 AV Ollso + [V V0| 0)
£y D () |po; ) — ¥ D(H)]| Prspos 7).

Observe that {5(-) = ps(+) : § > 0} is relatively compact in C([0, 7]; P2(R?)) by Lemma 2.9.
Let p(-) be a limiting path. Applying Lemma 2.7 and using the fact sup,c(o ; d (6(s), p(s)) —
0as o0 — 0T, we get

(4.6) fimsup /0 " S(ps(s)) ds < O(7) < oo.

Define occupation measures g, it by

1

(o) = [ elpslonds, o= [

«

—a~1s

(&

—(p(s))ds, ¥y € Co(Pa(R7)).

If h + oV satisfies Condition 1.7 (i.e. with V replaced by h + aV'), then in view of (4.6),
by Lemma 7.2,

lim ' a~ e [h(ps(s)) + aV (ps(s))] ds

5—>0+ 0

= lim (h+aV)dus = / (h+aV)du
0=07 Jpy(re) Pa(R)

= [ ot o)) + aV (s ds
Therefore, it follows from (4.5) and Lemma 2.14 that, for a.e. 7 € (0,7,
limnt f(Pon) = fo0) = e [ a7t hipls) + aV (p()) s
7 (@ RV Ol [V V Ollc) + (777 = 1) D () i 7).
By (2.20), supge, 7 vD(p(T)||po; T) < Kr[p(+)] < co. Hence the conclusion (4.4) follows by

taking 7 — 0+ then € — 04, and noting supy_, .o [y S(p(s))ds < co.
44



Suppose that h + oV satisfies Condition 1.6 instead of Condition 1.7. We also assume
that S(py) < oo. Then by Lemma 2.5, we obtain an estimate stronger than (4.6),

lim sup/ I(ps(s)) ds < 2v7'S(po) + 207 1C, D(p(7)|| po; T) < 0.
§—0t 0
In particular, supg.,.p [y 1(p(s)) ds < co. Apply Lemma 7.2 in Appendix, the rest of the

proof follows the same. O

Lemma 4.3. Assume that Condition 1.5 hold and that Condition 1.6 holds with V' replaced
by h, then f is lower semicontinuous on finite level sets of S.

Suppose that, in addition, the stronger Condition 1.7 holds for both V' and h (i.e. with the
V replaced by h), then f is lower semicontinuous on Py(R?).

Proof. Let p, — po in Pg(Rd). First, for each 7 > 0, we choose

{p(n)(t) : 0 S t S T, P(n)(o) = Pn, P(n)(T) = PI/TPO}
a minimizing path in (2.19) such that

T

K. [p™ () :/0 T(p™ (r), )™ (r))dr = vD(P,po||pn; T)-

It follows from Lemma 2.14 that
(4.7) lim K, [p™(-)] = 0.

n—oo

For each given € > 0, we select a path p.(-) € C([0, 00); P2(R?)) such that p.(0) = P,,po and

F(Porpo) < €+ /0 e " [a " h(pe) — L(pe, pe)] ds.

We now construct a new trajectory o(-) = o,(-):

o(t):=p"(t) for 0 <t <7, and o(t) := p(t —7) for t > .

Then o € C([0,0); Po(R?)) with ¢(0) = p, and o(7) = P,.ps. Hence
fon) = [ " e [a (o (s)) — L(o(s), 6(s))] ds
> [T e [ h(p(s — 7)) — Lipils — ), (s — 7)) ds

T

-1

/OT a—le—a s [h(p(")(s)) + aV(p(n)(S))} ds — KT[p(n)()]

+

1

> e T[f(Porpo) — € +/ a”tem " [h(p™(5)) + aV (" (5))] ds — K [p™) ()]
0
for every € > 0. That is, taking into account of (4.7),
(4.8) liminf f(p,) = e " f(P,.po) + lim inf / ate™ 5 [h(p™(s)) + aV (p"(s))] ds.
n—oo n—oo 0

It follows from (4.7) and Lemma 2.9 that {p™(:) : n = 1,2...} is relatively compact in
C([0,7]; Po(RY)). Let p©(-) be a limiting path. Then p®(0) = py, and

| T 50 a0
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by the lower semicontinuity of K. Thus if we let (-) be the unique path in C([0, 00); Po(R?))
satisfying
p(0) =py and Op=v(Ap+div(pVV)),
then p(®(s) = p(s) for all s € [0, 7].
Applying Lemma 2.7 and using the fact supye( - d (P™(s), pV(s)) — 0 as n — oo,

n

(4.9) sup /OT S(p™(s)) ds < C(1).

Suppose that h + oV satisfies Condition 1.7 (i.e. with V replaced by h + V') so that
|h 4+ aV| < ¢*(S) for some sub-linear (*. As in the proof of the last lemma, introducing
occupations measures and apply Lemma 7.2 in Appendix, in view of (4.9),

T
—1

(4.10) lm [ o 'e ™ * [h(p™(s)) + aV (p™(s))] ds

n—oo 0

= / alem s [(p'™) + aV (p'?)] ds.
0

Therefore (4.8) reduces to

liminf f(pn) > €™ 7 f(Pyorpo) + /OT a”'e " [h(p(s)) + aV (p(s))] ds,

n—oo

where the right hand side is a finite integral. By arbitrariness of 7 > 0, result of the lemma
follows from (4.4).

Suppose that h+a'V satisfies Condition 1.6 instead of Condition 1.7. Then |h+aV| < (*(1)
for some sub-linear *. If sup,, S(p,) < 0o, by Lemma 2.5, then

sup/ I(p™(s))ds < .
0

n

Apply Lemma 7.2 in Appendix, (4.10) still follows. The rest of the proof follows the same. [

Lemma 4.4. Assume that Condition 1.5 holds and that Condition 1.6 holds for h, then f
s upper semicontinuous on finite level sets of .S.

Suppose that, in addition, that stronger Condition 1.7 holds for both V' and h, then f is
upper semicontinuous on Po(R?).

Proof. Let p, — po in Po(RY). Then there exists a sequence of 7,(-) € C([0,0); Pa(RY))
with 0,,(0) = p,, such that

Fon) < 3 [ e [0 hon(s) = Low(s) s ds.

We assume that limsup,,_, . f(p,) > —oo since otherwise the conclusion holds trivially.
Since L=T —V and ||V V0|l + [|h V 0]l < 00, selecting a subsequence if necessary,

T
sup/ T(0,(s),0n(s))ds < o0 for any T > 0.
n Jo
Therefore, {o,(+) : n = 1,2,...} is relatively compact in C([0,T]; Po(R%)) by Lemma 2.9.
Let o(-) € C([0,00); P2(R)) be a limiting path. Then o (0) = po.
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By Lemma 2.7, for every T' > 0, sup,, fOT S(oy(r))dr < co. If V4ah satisfies Condition 1.7,
then by Lemma 7.2,
lim [ e [a‘lh(an(s)) + V(an(s))] ds = / e ' [a—lh(a(s)) +V(0o(s))] ds.
0

n—oo 0

On the other hand, by lower semicontinuity;,

lim inf /000 e T (0n(s), n(s))ds > /000 e T (o(s), 6(s))ds.

n—oo

Therefore,
lim sup /OOO e s [oflh(an(s)) — L(o,(s), dn(s))] ds

< /0 T emats [a—lh(a(s)) ~ L(o(s), d(s))} ds,

implying

limsup f(pn) < /OOO e [Oflh(U(S)) — L(a(s), d(S))]ds < f(po)-

n—oo

If V + ah satisfies Condition 1.6 instead of Condition 1.7, and if sup,, S(p,) < oo, then by
Lemma 2.5,

sup /0 ' [(on(r))dr < 0.

n

Noting |V 4 ah| < {(I) for some sub-linear function ¢, the rest of the arguments follow the
same as before. O

We now consider the case of U(t, p) as defined by (1.46). Similar to Lemma 4.1, we have
a growth estimate for U.

Lemma 4.5. Suppose that Conditions 1.5, 1.8 hold. Then
(4.11) —C(S(p)) Ut p) <lgV Olloc + TV V 0|,

for all (t,p) € [0,T] x Pa(RY), where ¢ : R — R is some sub-linear function which may
depend on T € (0,00). If, additionally, Condition 1.7 is satisfied, then U is a finite function
on [0,T] x Pa(RY).

The following three lemmas give continuity properties of U on [0, 00) x Py(R%).
Lemma 4.6. Assume that Conditions 1.5, 1.8 hold. Let to > 0 and lims_oy ts — to. Then
(4.12) li(sm(i)gf Ults, Pspo) > Ulto, po),
for py € Po(R?) with S(pg) < 0.

If in addition, we assume that Condition 1.7 holds, then (4.12) holds for all py € Pa(RY).
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Proof. Let ¢ > 0. By definition of U in (1.46), there exists a p(-) € C([0, to]; Po(R%)) with
p(0) = po such that

t
Utto, ) < -+ 9(plta)) = [ Lip.p)ds.
Next, we extend p to a continuous path on [0, 00) by requiring that
op = —vgradS(p) for t>t.
By the finiteness of U(to, po), [|g V Ol and ||V V 0|, we have

T
/ T(p,p)ds < oc.
0

Hence by Lemma 2.7, fOT S(p(s))ds < oo. Also, Lemma 2.1 allows us to conclude that
S(p(1)) < oo for every 7 € (0,7) and I(p(7)) < oo for almost every 7 € (0,7). In the case

when Condition 1.7 holds, the above estimates implies fOT [V (p(s))|ds < co. In the case that
Condition 1.7 is not assumed but S(pg) < oo, we have fOT I(p(s))ds < oo from Lemma 2.5;

by Lemma 2.18, fOT [V (p(s)|ds < oo holds as well.

For each 0 < 7 < % with I(p(7)) < oo, we introduce {4(t) : 0 <t < 7} a minimizing path
of K, on I'(Pspo, p(7)), and then extend it to all time by setting p(t) := p(t) for t > 7. It
follows then

Ults, Pys) > 9(plts)) — / " L(p.p)ds
= ot~ [ Liis+ [ L ds = [ L pyis

> gt~ [ 1o pyis+ [[vip) s [(vip) as

+vD(p(7)llpo; 7) — vD(p(7)]| Pspo; 7).
As in the proof of Lemma 4.3, {5(+) = ps(+) : § > 0} is relatively compact in C([0, 7]; P2(R%)).
Let p(-) € C([0, 7]; Po(R?)) be a limiting path. By Lemmas 2.7 and 2.14,

limsup/ S(ps(s))ds < 0.
6—0t 0
If Condition 1.7 holds, then combined with Lemma 2.14,
to . T T
liminf U(ts, Ppy) > g(4(to)) — / L(p, p)ds + / V(p(s))ds — / V(p(s))ds
0 0 0

6—0+

> g(plte)) - / "L(p.f)ds + / V(p(s))ds — [V V Ol

If Condition 1.7 is not assumed, but S(pg) < oo, then
limsup/ I(ps(s))ds < o0
6—0t JO

by Lemma 2.5. Hence (4.13) also follows by Lemma 2.18 and Lemma 7.2 in Appendix.
We have

Klp()] < Jim K [55()] = Jim vD((r)|Pspo; 7) = vD(p(7)llpo; 7) < Kalp(0)] < oo.
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Combined with Lemma 2.7,
sup / S(p-(r))dr < .
O<‘r<%O 0

Therefore, if Condition 1.7 holds, then lim o, [, V(p-(r))dr = 0; if Condition 1.7 does not
hold but S(pg) < oo, then by Lemma 2.5,

sup / I(p:(r))dr < oco.
0<7'<%O 0

Consequently lim, o4 [ V(p-(r))dr = 0 follows from Lemmas 2.18 and 7.2.
Letting 7 — 0+ in (4.13),

to .
hémgilfU(t(g, Pspo) = g(p(to)) — / L(p, p)ds = Ulto, po) — €.
- 0
Conclusion of the lemma follows by taking e — 0+. O

Lemma 4.7. Assume that Conditions 1.5, 1.8 hold. Then U(t, p) is lower semicontinuous
on [0,00) X K¢ for every C' € R, where
Ko = {p e Py(RY) : S(p) < C}.
Suppose additionally, that Condition 1.7 holds, then U(t, p) is lower semicontinuous on
[0, 00) x Py(RY).
Proof. Let p, — po in Pa(RY) in Py(RY) and let ¢, — to. We will prove that
liminf U(t,, pn) > U(to, po)-

We first consider the case of ty = 0. For each n, let 0,,(-) be a path in C([0,00); Po(R?))
satisfying
0,(0)=p, and 00, = —vgradS(o,).
Then we have

(4.13) liminf U(t,, p,) > liminf [g(on(tn)) + /0 n V(an(s))dsl .

n—od n—oo

By Lemma 2.7,

sup /OT S(o,(s))ds < oo.

If Condition 1.7 holds, then lim,, fOt" |V (0,)|ds = 0. If Condition 1.7 does not hold but
sup,, S(pn) < oo, then by Lemma 2.5,

sup /OTI(an(s))ds < 00.

n

Hence lim,, .~ fot” |V (0,)|ds = 0 by Lemma 2.18.

Also, elementary properties of heat equation show that {o,(-) : n =1,2,...} is a conver-
gent sequence in C([0,00); Po(R?)), implying in particular o, (t,) — po in P2(R?). Apply
these observations to (4.13), liminf, . U(tn, pn) > g(po) = U(0, po) as desired.

It remains to consider the case tg > 0. Let 0 < 7 < %0, and assume without loss of
generality that |t, — to| < 7 for all n. We select p(™(-) as in the beginning paragraph in the
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proof of Lemma 4.3, and select p.(-) € C([0,ty — 7]; Po(R?)), € > 0 such that p.(0) = P,,po
and

to—T
Ulto =7, Porpo) < €4 g(pe(to — 7)) —/ L(pe, pe)ds.
0
Next, we extend p. to be a continuous path on [0, 00) by requiring that
Ope = —vgradS(p.) for t>tyg—rT.
By finiteness of U(ty — 7, P,;po) and ||g V 0]/ and ||V V 0||, we have Ky, [pe(+)] < 0o and
hence Kr[p(:)] < oo for every T' > 0. By Lemma 2.7, fOT S(pe(s))ds < oo. If S(pgy) < o0,
we even have fOT I(pe(s))ds < oo by Lemma 2.5. Consequently, with the assumptions of this
T .
Lemma, [, [L(pe(s), pe(s))|ds < oo.
We construct a new path () = 7,..(-) by concatenating p™(-) and p.(-) together:
o(t):=p™@t)for 0<t <7, and o(t):=p(t—7)fort>r
Then

(4.14) Ultn. ) > glo(t)) — /0 " L(0.6) ds
= oot =) =~ [ Llpes) ds

+ [ V) ds = D (Pl )
0

As in the proof of Lemma 4.3, {p™(-) : n = 1,2...} is relatively compact in C([0, 7]; Po(R)),
and by Lemma 2.7,
sup/ S(p™(s)) ds < C(1).
n Jo
Let p () be a limiting path, then p(®(s) = p(s), s € [0, 7], where p(-) is the unique path in
C([0, 00); P2(R?)) satisfying
p(0) =po and O =v(Ap+div(pVV)).
Suppose that Condition 1.7 holds, then from Lemma 2.14 and Lemma 7.2, (4.14) gives

liminf Uty pu) > glpelto — 7)) — / " Lpe sl ds + / V(p(s))ds

n—oo

> Ulto—71,P,rpo) — €+ /OT V(p(s))ds.

This gives
liminf U(t,, pn) > lminf U(ty — 7, P,rpo) > U(to, po),

n—oo T—0+

where we used (4.12) in the last inequality.
If Condition 1.7 does not hold but sup,, S(p,) < oo, then by Lemma 2.5,

T
sup/ I(p™(s))ds < .
0

n

Then the above arguments still go through because of Lemma 2.18. U
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Lemma 4.8. Assume that Conditions 1.5, 1.8 hold. Then U is upper semicontinuous on
[0,00) x {p € Po(R?) : S(p) < C} for every C € R.
Suppose additionally, that Condition 1.7 holds, then U is upper semicontinuous on [0, 00) X

Po(RY).

Proof. The proof follows similarly to the proof of Lemma 4.4.
Let (to, po) € [0,00) X Pa(RY) and t,, — tg, pn — po. There exists a sequence of o,(-) €
C([0,t,]; P2(RY)) with ¢,(0) = p, such that
1 fn .
Ultas ) < 5+ 9(on(t)) = [ L(ou(s). 6 (9)ds
0

For each n, we extend o, to a continuous path on [0, 00) by
0o, = —vgradS(o,) for t>t,.

Without loss of generality, we assume that limsup,,_, . U(t,, pn) > —o00. Then by the upper
boundedness of g and V, selecting a subsequence if necessary,

sup/0 T(0,(s),0n(8))ds < oo.

n

Therefore, {o,(-) : n = 1,2,...} is relatively compact in C([0, T]; P2(R?)) by Lemma 2.9. Let
o(-) € C([0,T]; P2(RY)) be a limiting trajectory. Then o(0) = pg and lim,, .o, 0,(t,,) = o (to).
By lower semicontinuity, fOT T(0,6)ds < co. By Lemma 2.7,

(4.15) sup/o S(an(r))dr—l—/o S(o(r))dr < oo.

n

In addition, if sup,, S(p,) < oo holds, then by Lemma 2.5, we even have

(4.16) sup/0 I(Un(r))dr+/() I(o(r))dr < cc.

n

If to = 0, then
limsup U(tn, pu) < g(po) + lm t,[[VV Ollec = g(po) = U(0, po).

Suppose that to > 0, it follows from (4.15) or (4.16), the assumptions relating V" and S or
V and I, and the fact Kr is lower semicontinuous that

to to
liminf/ L(op,0,) ds > / L(o,05) ds.
0 0

Therefore
tn
(4.17) limsup U (t,,, pp) < limsup{g(an(tn))—/ L(an,dn)ds}
n—oo n—00 0

< glo(to)) —/OOL@(S),&(S)) ds—liminf/nL(an,dn)ds.

If t, > tg, then
tn
liminf/ L(oy,6,)ds > — lim [t, — to]||V V 0] = 0.

n—oo to
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On the other hand, if ¢,, < to, since T(0,(s),0,(s)) = 0 for s > t,,
tn to

lim L(oy,0,)ds = lim V(on)ds = 0.
n—oo tO n—oo tn

by our assumptions and (4.15-4.16).
Consequently,

lim sup U (tn, pa) < g(o(ts)) — / " Llo(s), 6(s)) ds < Ulto, po).

n—oo

5. HAMILTON-JACOBI EQUATIONS
Let H be defined according to (1.43).

Lemma 5.1. Let fy € Dy and f; € Dy. Under Condition 1.5,

(1) Hfy : Po(R?) +— R U {—o0} is upper semicontinuous and bounded from above; for
each C € R,
{p € Pa(RY) : Hfolp) = C}
is compact in Py(R?);
(2) Hf : Po(R?) — R U {+oo} is lower semicontinuous and bounded from below; for
each C € R,
{v€P(RY) - Hfi(7) < C}
is compact in Pa(RY).

Proof. We only show the case of H f, the other case is similar.

First,
62 1 €(2v —e€
Hfolp) = Fd(p.7) + (e = v)0{gradS(p), grad,zd*(p, 7)) 1,0 = %f () +V(p)
€(2v — €
= G(p) - %1(/)).
We claim that there exists a sub-linear function (* : R, — R, such that
(5.1) G(p)| < ¢ (L(p))-

Then the conclusion follows from Lemma 7.1, if G is continuous on level sets of I.
By assumption (1.50) and I(p) > [, ¥dp,

o <2| [ laare [ oPas] <o)
Rd Rd
for some sub-linear function ¢*. Therefore, (5.1) follows from the above estimate, (1.53) and
(1.40).
To see that G is continuous on finite level sets of I, we let p,, — po be such that sup,, I(p,) <

0o. By Lemma 2.18, lim,, o V(pn) = V(po). On the other hand, by Lemma D.48 in [14],
we also have

) 1 )
lim (gradS (pn),gradp§d2(pn,’y)>71,pn = lim [ Vp,, - (

n—oo n—oo

Vv 1
- / I (ﬂ +w) dpo = (gradS(po), grad, 5d(po, 7)) 1.50-
Rd Po 2
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Combining the above estimates, lim, .. G(p,) = G(po). O

The following is Theorem D.50 on page 397 of Feng and Kurtz [14], which generalizes a
result of Cordero-Erausquin, Gangbo and Houdré [5].

Lemma 5.2. Let p,vy € Po(R?) with I(p) < +oo, then
Y A
S(y) = Slp) - /Rd VDo (7/) +V‘I’) dp + %dQ(p,v)
1 A
= S(p) — (grad S(p), grad,5d*(p, 7)) -1, + S-d*(p, 7).

£2 2
In particular, if I(p) + I(y) < +oo,

1 1
o380 7)) -1, + (grad S(7), grad, 5d(p, 7)) 14 = Awd?(p,7).

From the above result, we can derive the so called HWI inequality. See Corollary D.52 in
[14].

(grad S(p), grad

Lemma 5.3. For every p,v € Po(RY),
Ay

S(p) < S() +d(p, NV I(p) = 5 d*(p.7)

Remark 5.4. Note that f —aH f = h is equivalent to f —a(H f + a~'h) = 0, and that if i
satisfies Condition 1.6 with the V replaced by h, then under Condition 1.5, by Lemma 2.18,
VP .=V 4+ a~'h also satisfy the same condition. Therefore, we may assume h = 0 with

no loss of generality in the following existence and uniqueness proofs for resolvent equation
(1.44).

5.1. Uniqueness of viscosity solution to the Hamilton-Jacobi equations.
5.1.1. The resolvent equation.

Lemma 5.5 (Comparison principle). Assume that Condition 1.5 holds and that Condi-
tion 1.6 is satisfied for h, and that |h V 0|l < oco. Let f,f : Po(R?) +— R U {Fo0} be
respective viscosity sub- and super-solution to (1.44). Suppose_further that there exist func-
tions (1, : Ry — Ry with sub-linear growth at infinity such that

Flp) <G(S(p)) and  —G5(S(p)) < fp) Vp € Pa(RY).
Then, B
f(p) < f(p) for every p € Po(RY) satisfying S(p) < oo.
If in addition f,f € C(P2(R?)), then the above inequality holds for all p in Pa(R?).
Furthermore, there is at most one viscosity solution f € C(P2(R%)) to (1.44) satisfying
[F(P) < ¢ (S(p))  Vp € Pa(RY)
for some function (* : Ry — R, with sub-linear growth at infinity.

Proof. As commented in Remark 5.4, we only need to prove the case h = 0.
Let A > 1 and

(5.2) G(p,7) = Af(p) — f(v) — ng(p, v) —€S(p) — eS(v),
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where 6,¢ > 0. By assumption on continuity of f, f on finite level sets of S, and by

assumption on growth estimate of f and £, the function G : Py (R?) x Py(R?%) — RU{+0o0} has
p g f

compact finite level sets in Py (R?) x Py(R?), and is continuous on such level sets. Therefore
there exists (pg,70) € Pa(RY) x Py(R?) such that

G(po,0) = sup G(p,7).
(p,y)EP2(R4) x P2 (RE)

Note that {(po,v0) : @ > 0} is a relatively compact set in Py(R?) x Py(R?) when ¢ > 0 is
fixed. An adaptation of Proposition 3.7 in Crandall, Ishii and Lions [8] (e.g. Lemma 9.2 in
[14]) gives

lim sup 0d*(po, o) = 0.
6—+o00

In particular, by working with a subsequence we can assume that pg, 7o — p. in Po(R?) as
f tend to +oc.
Let

0 0
folp) = §d2(f% o) + €S(p) and fi(v) = —§d2(Po,7) —eS(7).
Then py is a maximum point of f — A~'f,. Hence by the sub-solution property,

a ' [f(po) — h(po)] < HA fo)(po).

Similarly,

a ' [f(90) = h(70)] = H fi(7)-

It follows then for each p € Py(R?),

(53) AT(p) = £(p) —26S(0) < Glprp) < Glonso)
< Af(po) — £ ()
S AR(po) = k() + & PHA™ fo) o) = Hi(0)]

If I(po) + (7o) = oo for some 6 > 0, then it follows from the definition of H in (1.43) that

the right hand side above is —o0, and we conclude the lemma. When 1(pg) + I(70) < oo for
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all 6, we have

(5.4)  XH(A ' fo)(po) — H f1(70)
= —-V[(graﬁLS(po),gradfb(po)>714m —-<gramh9(vo),gradfﬁ(W@)>f1nD]

1 1
+5Hgfadf0(ﬂo)|!2—1,p0 - §ngadf1(70)]|2_1 v T AV (po) — V(Vo)
1
= —V9[(grads(/’o)agradpo§d2(P0,70)>—1,po + (gradS(7), grad d (Poﬁo»—l,vo]

—ev [I(m) +1(%)

’YOQ

2 137 €2
+5Hgfadp@2d (o, Y0) 1% 1 5y + X<gradp02d (Po,70), gradS(po)) 1,0 + 5[@0)
62 1 9 1 €
—Engad,ywd (Po, Y01 Z1.40 — 69<gfadyo§d (P0,70), gradS(70)) ~10 — 5[(70)
+AV(po) = V(70)
, =162
< —Xov8d*(po, Y0) — €v [I(Po) + ](70)] - ng (P0:70)
+0d(po, v0)e€ [ (po) + ] + 5 ](Po) + AV (po) — V(70)
, 3\ —
< —Arb(po,r0) — ey~ [1<po> +1(70)| + AV (po) = V(0).

In the above, the first inequality follows from Lemma 5.2 and (1. 40)
Combined with (5.3), therefore, for each A > 1 fixed, when e < 2
such that S(p) < oo,

(5.5) NF(p) = £(p) < 28 (p) — adybd(po,70) — e [1(po) + I (30)]

+a(A = DIV VOl +a[V(po) = V(70)]
+A = DAV Ol + h(po) = h(0)-

By Lemma 2.18 , I is the only dominating term on the right hand side of the above inequality.
If limsupy_,, I(po) + I(70) < oo, then by Lemma 2.18 and Condition 1.6 on h, we obtain
from (5.5) by sending 6 to +oo that

(5.6) M(p) = f(p) < 2eS(p) +a(A = DIV VOl + (A = D2V 0]l.

for every p € Po(R?)

3)\1’

If limsupy_. I(po) + I(70) = oo, by working with a subsequence we can assume that
limp_ 4+ [{(po) + I(70)] = +o00. Then the right hand side of (5.5) goes to —oo since [
is the dominating term. Taking limsup,_,,, limsup,_,,, on (5.6) and noting S(p) < oo,
therefore

flp) = f(p) <0
0

5.1.2. The Cauchy problem. The proof of comparison principle for the Cauchy problem is

similar to that of the resolvent problem, we choose to only highlight differences.
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Lemma 5.6 (Comparison principle). Assume that Condition 1.5 hold, that g € C(Py(R?))
satisfies Condition 1.8. Let U,U : [0, T] x Pa(RY) — RU{Zo00} be respectively viscosity sub-
and super-solution to (1.45) satisfying growth estimates

U(t,p) <¢(S(p)) and = G(S(p)) < U(t,p) V(t,p) € [0,T] x Pa(RY).

for some (i, Ry — Ry with sub-linear growth at infinity.
Then

Ult,p) <U(t,p), forall (t,p) €[0,T] x Pa(R?) satisfying S(p) < oo.

If in addition U,U € C([0,T] x P2(R%)), then the above inequality holds for all (t,p) in
0, 7] x Po(R%). In particular, there is at most one viscosity solution U € C([0,T] x Po(R?))
to (1.45) satisfying
Ut p)l < C(S(p)) Yt p) € 10,T] x Po(RY)

for some function * : Ry — R, with sub-linear growth at infinity.

Proof. Let A > 1, ¢ > 0 and

_ a 0
G(t,5:p,7) = AUt p) = et] =Uls,y) = 51t = sI” = 5d°(p,7) — €S(p) — €S(7),
where «,0,¢ > 0. Then there exists (g, po; S0,7) € [0, 7] x Pa2(R?) x [0, T] x Po(R?) such
that

G<t0780;p0770) = sup G(t7 S5 P, 7)
t,5€[0,T];p,yEP2(RY)

It follows that P
) «
lim sup [§|t0 — s0|* + édz(Poﬁo)] = 0.

0,c——+00
Let €, A be fixed, {(to, s0) : @, 0 > 0} is relatively compact in [0,7] x [0,7] and any limit
point has to be of the form (rg,ry) € [0,T] x [0,T]. Also, since

sup [S(po) + S(%)} < 00,

a,f

the set {(po, Y0) : @, 0 > 0} is relatively compact in Py(RY) x Py(R?) as long as € > 0 is fixed.
Hence by working with a subsequence, we assume that

lim ¢ty = lim sg=r,=r.(eA), and %im Po = laim Yo = px = px(€, N).

a,0—00 a,0—o00

Suppose r, > 0. In this case by taking «, 6 large enough if necessary, to, sg > 0. Let
« 0
Up(t,p) == Act+ 5\2? —sol* + §d2(p, Y0) + €S(p),

a 0
Ur(s,7) = —5lto = s|? — §d2(po,7) —eS(7).

Then (to, po) € (0, 7] xP2(R?) is a maximum point of U—\"1Uy, and (sg,79) € (0, T]x Po(R?)
is a maximum point of U; — U. Thus by viscosity solution properties,

—Ac — Oé(t() — So) + )\H(/\_1U0> (to, po) Z 0

—a(to — s0) + HU1(s0,7) < 0;
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implying
Ae < AH (A™'0p ) (to, po) = HUx (0, 7%0)

By exactly the same estimates as in (5.4), the above inequality leads to

Ae < =MarBd(po,0) = €5 | I(po) + 1(0)| + O = DIV V 0lloo + [V (p0) = V(70)]

v(A—1)

provided € < =5

Taking limsup, 4_, , ., by Lemma 2.18,
0< A< (A=D)||V V0.

Taking A, > 1 to be such that (1 — A\71)||[V V 0]|sc < ¢/2, then we have a contradiction
0 < c<c¢/2, whenever 1 < A < A\.. The above arguments lead us to conclude that for e, A

fixed but satisfying 1 < A < A\, and € < = 3/\ 1 , 7o = 0.
Let 7, = 0. By the initial condition in the definition of viscosity solution, for each (¢, p) €

0, 7] x Py(R?) satisfying S(p) < oo,
A[U(t,p) = ct] = U(t, p) — 2eS(p) = G(t,t; p, p)
< liminf G(to, so0; po, Y0) < hm 111f [)\U(to, po) — U(s0,70)

a,f—o0

< /\hmlnf Ulto, po) — hmlnfU(so,'yo) < Ag(ps) —g(ps) < (A =1)]|g V0| o-

Oé—>OO

Taking lim,_o4 limy_14 lim._o4, we obtain U(t, p) — U(t, p) < 0 as desired. O

5.2. Existence of viscosity solutions. We show that the value functions U in (1.46) and
f in (1.47) are respectively solution to the Cauchy problem (1.45) and the resolvent problem
(1.44).

5.2.1. The Cauchy problem. Let M"(Py(R%);R) denote the space of measurable functions
from Py(RY) to E:: R U {—o0}, which are bounded from above. We define, for ¢ > 0 and
v € M*(Py(R%); R),
t
(5.7)  T(t)v(po) := sup {v(p(t)) —/ L(p, p) ds = p(0) = po, p(-) € 0([0,00);732(Rd))}
0
= sup {v(p1) — D(p1, po;t) : pr € Po(RY) }.

Then T(t) : M*(P2(R?);R) — M“(P2(R?);R). Notice that the U in (1.46) is nothing but
U(t, po) = T(t)g(po)-

Lemma 5.7. Fort,s > 0, we have
T(s)T(t)w=T(t+s)v forall ve M“(Py(RY);R).
Proof. Let py € Po(R?) and € > 0.
There exists o(-) € C([0, 00); Po(R%)) with o(0) = pg such that

t+s
T+ s)v(py) < e+v(o(t+s))— /0 L(o(r),o(r))dr.
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Define a new trajectory o,(+) € C([0, 00); Po(R%)) by a time shift o,4(r) := o(s+r) for r > 0.
Then 04(0) = o(s) and it follows that

(5.8) T(t 4+ sholpn) < €+ T(t)o(o,(0)) - / L(o(r). 6 (r))dr
<+ T()T(E)o(p0).

On the other hand, there exist o;(-) € C([0,00); Po(R?)), i = 1,2 satisfying 01(0) = po
and 03(0) = o1(s) such that

T(s)T(t)v(po) < e+ T(t)v(oi(s)) — /OS L(oy,61)dr
and
THo(on(s) < e+ v(oa(t)) — /O (s, 63)dr-

Letting o(r) := o1(r) when 0 <r < s and o(r) := o9(r — s) when r > s. Then
t+s
T(s)T(t)v(po) <2e+v(o(t+s)) — / L(o,0)dr <2e+T(t+ s)v(po).
0

This together with (5.8) yields T'(s)T'(t)v(pg) — 2 < T(t + s)v(pg) < €+ T'(s)T(t)v(po) for
every € > 0. Hence the lemma follows. 0

By Lemma 5.7, {T(t) : t > 0} forms a semigroup on M*(Py(R%);R). We next prove
some properties of this semigroup. First, we introduce a class of localization functions
o =¢rm € C*(R) where

o(r)=rwhenr <L, ¢(r)=L+1whenr>L+ M,
0<¢' <1 and ¢'(r)>0 if r<L+ M,
S0// S 0

To motivate the utility of such functions ¢, we note that fo ¢ M U(Py(RY): R) but po fy €
M"(Py(R?); R) where fy € Dy.

Proposition 5.8. Under Condition 1.5, the semigroup {T'(t) : t > 0} has the following
properties:

(1) commuting with addition of a constant, i.e., T(t)(v + c¢) = T(t)v + ¢;
(2) order preserving, i.e., T(t)v < T(t)w whenever v < w;
(3) for each f1 € Dy and o € P2(RY) such that S(vo) < oo,

T _
t—0+ t
(4) for each fo € Dy, po € Pa(R%) such that S(py) < oo, for L > folpo), and M
sufficiently large, take ¢ = @, then

(5.10) lim sup T(t)(po fo)(P;) — ¢ 0 fo(po)

> Hfi(7)-

< H fo(po).
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Proof. We only prove (5.9) and (5.10). The others follow directly from the definition.
Let f1(7) := —2d?(p,~) — eS(7), where 0, e > 0 and p € Po(R?). Let 7o € Po(R?) be such
that S(vp) < co. For each p € C®(RY), let o be the path satisfying heat equation

0,0 = —vgradS(o) — div(cVp) = vAo + div(eV(v¥ —p)), c(0) = 7.

Well posedness of the above equation follows from standard parabolic theory.
By Lemma 2.1,

oiEETS(O(T)) +/O I(o(r)) dr <oco and o(-) € AC*0,T;Py(RY)).

In particular, we can apply the chain rule formula as explained on page 233 of [2] to obtain
¢

fi(a(t)) = f1(70) :/0 (gradfi(o),d) 1 .dr = /0 (gradfi(o), —vgradS(o) — div(cVp))_1 ,dr.
Consequently,
T(t) fi(v0) — fi(v0)

= sup{f1(o(8)) — fi(10) / Lp.p)dr = p() € C((0,00): Pa(RY), p(0) =0}
> Ae) = fitw) =~ [ (316 +veradS@)IF, = V(o) dr

_ /Ot <<gradf1(o), —vgradS(o) — div(oVp))_1, — % /R |Vpltdo + V(U)> o

_ /0 G(o(r)) + evI(o(r) + V(o(r))] dr,
where

1
G(o) = (—GgradUEdQ(p, o), —vgradS(c) — div(cVp))_1,,

1
+e{gradS(o),div(cVp)) -1, — B IVp|*do.
R4

By (1.40) and Lemma 2.18, |G(0)| + |V (0)| < (c(I(0)) in every balls with finite radius
B(p,C) :={o:d(o,p) <C}, CeR,

where (¢ : R — R is a sub-linear function possibly depending on C'. G is continuous on finite
level sets of I (see the arguments in the proof of Lemma 5.1). Apply Lemma 7.1, G+V +evl
is lower semicontinuous and bounded from below on every such B(p, C'). Hence

htfgoi_{lf ¢! [T(t)fl (70) = f1(v0)| = G(10) + V(70) + evI(70)

1
— grad i (), ~vgradS(10)) -1 + {gradfi0).p) — 5 [ Vo + Vi)
R

where we used the fact that (gradfi(7o), —div(7Vp))-1.~, = (gradfi(y0),p), a consequence
of (D.45) in Lemma D.34 of [14]. Therefore, (5.9) follows by taking supremum with respect
to p € C>(R?) on both side of the above inequality and using the variational definition of
-1y in (117),
We next prove (5.10).
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Let n > 0 be fixed, fo, po and ¢ = ¢, be as given with L > f(po) and M > 0 is arbitrary
but fixed for now. For each ¢ > 0, there exists a path o,(-) = 0,11 () € C(]0, 00); Pa(R?))
with 0,(0) = po such that

(5.11) T@@omwwsm+meﬁ»—AL@mnwww

Define
Ks = K5 = {p € Pa(R?) : ¢" 0 folp) > 6}
By Lemma 5.9, there exists some 0 < 6 < 1 independent of ¢, such that when M is large
enough and ¢ is small enough, o,(r) € K for every 0 < r < t. fy is lower semicontinuous and
¢’ is non-increasing, ¢’ o fy is upper semi-continuous. That is, K is a closed set. Moreover,
p € Ksimplies fy(p) < L+ M. Since f, has compact finite level sets, K5 has to be a compact
subset in Py(R?) .
Also by Lemma 5.9, the following estimates hold

t t
(5.12) / I(oy(r)) dr <C, 1, and / ||é-t(r)||2—l,at(r) dr < Cy.1 pp-
0 0

Therefore, o,(-) € AC?(0,t; P(R?)). Denote my(r) := &4(r) + vgradS(o(r)). By the chain
rule (page 233 of [2]) applied to ¢ o fy and the fact that 0 < ¢’ <1, (5.11) gives

(5-13) T(t)(Sﬁ © fo)(Po) —po fo(Po)
< m+@omwﬁ»—wqmmm»—£zmmmnmwm

= e+ [ [0 hlor) rad o). 1)) 1) = )P g+ Vi) ar

IN

nt + /0 [cp' o fo(ou(r))(grad fo(ow(r)), —veradS(o:(r)))-1,0.(r)

160 ol () (lanad foo(r), mer)) r.m) = e} i) + V(o))

IA

”*54[¢°ﬁwmwﬂﬁ@%wwwl—womwmwmvaM}W

=t [ [0 IH) + IV VOl = &' o foe))] sl

where occupation measure

1 t
pi(A) = %/ xa(ou(r)) dr, ¥V Borel set A C Py(RY).
0
By Lemma 5.9, i, is supported on compact set Ks and d(o4(r), po) < C/r. Therefore, for

each bounded continuous function G : Py(R%) — R,
t

. .1
lim G(p) pe(dp) = lim — [ G(o(r)) dr = G(po).
t—0t PQ(Rd) t—0+ ¢ 0
Consequently, p; = po := 0,, in the weak convergence of probability measures topology in

P(Py(R?)). This together with the upper semicontinuity of (¢’o fo)H fo=+ ||V V0||so (1 —¢"0 fo)
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(Lemma 5.10) yields

hquéy%JQMH%+MVVWMU—¢OEHWQ

t—0+
< [ [0 st IV VOt = ¢ 0 fo) o = Hulpo)
Ks

where the last equality above follows from fo(po) < L and ¢’ o fo(po) = 1.
Using the above estimates and taking limsup, ., ™" on both sides of (5.13) leads to
(5.10). O

The above proof relies on the following two regularity results.

Lemma 5.9. Let o4(-) be the path satisfying (5.11). Then there exists some 0 < 6 < 1
independent of t and M, such that when M is large and t is small enough, o,(r) € Ks for
0 <r <t. Moreover, d(oy(r), po) < C\/1 for every 0 < r <t, and (5.12) holds.

Proof. Let 6(-) € C([0,00); Po(R?)) be a path satisfying
0,0 = —vgradS(c) and 4&(0) = po.
By Lemma 2.18, V(p) > —((I(p)). Together with the conclusion of Lemma 2.5,

/Ot V(6 (r) dr > — /Ot 1(6(r)) dr — Cot > —%S(,og) — o,

for some constant Cy > 0. As a consequence,

T@@OﬁM@Z¢Oﬁ@®%iKL®6M%wwﬁ ,/V

) 2
> 1r;f folp) — ;S(Po) — Cot.

This together with (5.11) implies in particular that
I _ 2
3 / ()21, dr < (9 + Co)t + (L + 1) = inf fo(p) + ~S(po) + tsup V(p),
0 p

where my(r) := d4(r) + vgradS(o.(r)). Therefore, by Lemmas 2.5 and 2.6, (5.12) holds.
Consequently, o4(-) € AC?([0,t]; Po(R?)) and satisfies

d(oo(r), po) < / 16:(5) |1y ds < Coppon/7  forall 0<r <.
0

Notice that the constant C, 1 ,, is independent of ¢ < 1 and M.
Using absolute continuity of o;(-) and (5.12), apply the chain rule, for all ¢ > 0 sufficiently
small and 0 <r <t

folou(r)) ~ foloo) = folorlr)) ~ Fo(o4(0))
= 5 (@) 2) = o] + ¢ [ (eradS(ou(5). 1(5)) -1
< ). ) dlor(r). o)+ 2 )]+ ¢ [ VTG -1

S Cﬁ,V,L»PO :
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The constant C,, 1, is independent of ¢ and M. Therefore, we can select M > 0 large
enough and ¢ small enough such that there exists some 0 < § < 1,

¢ o foloy(r)) =8 Vrelot].
That is, ou(r) € K. 0

Lemma 5.10. (¢’ o fo)H fo+ ||V VO0|e(1—¢ 0 fo) : K5 — RU{—00} is upper semicontinuous
and bounded from above.

Proof. H fy is bounded from above by Lemma 5.1. 0 < ¢/ < 1, therefore
("o fo)Hfo+ [V VOllee(l = ¢ 0 fo)

is bounded from above as well.
To prove the upper semicontinuity of (¢’ o fo)H fo + ||V V 0]|oc(1 — ¢’ 0 fo) on K, let
Ks 3 p, — p € Ks. Consider a subsequence if necessary, we may assume that

—00 < =C < inf [(¢' 0 fo) pu) o) + IV V Ollc(1 = ¢ falpn)]

Since ¢’ o fo(p) > 9§ for p € K, —oco < inf,, H fo(p,). The dominating term in H fy is —evl,
therefore sup,, I(p,) < co. By Lemma 5.3 and the lower semicontinuity of S, lim,, ., S(p,) =
S(p), implying

lim &' o fo(pn) = ¢’ © fo(p).
It follows from this, the upper boundedness and upper semicontinuity of H f; from Lemma 5.1
that

limsup [« © folpu) H folpn) = ' © fo) H folp)]

n—oo

< 1if1nﬁsogp [©" o folpn) — ¢" 0 fo(p)] H fo(pn)
+¢' o fo(p)limsup [H fo(pn) — H fo(p)] < 0.

n—oo

Therefore, the conclusion follows. 0

We prove that the value function U : [0, T] x Py(R?) — R defined by (1.46) is a viscosity
solution to (1.45). In view of the estimates in Lemmas 4.54.7,4.8, assumptions of the
following lemmas are satisfied at various levels of generality.

Lemma 5.11. Assume that Condition 1.5 holds, that g satisfies Condition 1.8. Then U is
a viscosity super-solution to (1.45) satisfying (4.11).

Proof. By Lemmas 4.7 and 4.8, U = U(t, p) is continuous on [0,00) x {p € P2(R?) : S(p) <
C'} for each C € R. Estimate (4.11) follows from Lemma 4.5.

Let U; be given by (1.61) and suppose that (so,70) € [0,7] x P2(R?) is such that (1.62)
holds. Then U; is bounded from above, S(vy) < oo and

U(SafY) - U(50>70) > U1(3>7) - U1(50770)’ v(S’fY) € [0>T] X P2<Rd)'

First, we consider the situation where sy > 0.
By (5.9) and properties of the semigroup 7" in Proposition 5.8, for 0 < r < s,

(514) 0 = U(So, ”)/(J) — U(SO, ’YO) = T(?“) <U(50 - ) - U(S()? 70)> (70)

> T(r) <U1(50 —r) = U1(50770)> (70).
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On the other hand, because of the special form of Uy,

« a a 0 a
§|t —so+r)? — §|t — 50)? = ra(t — so) + 57’2 = £U1(80770)7“ + 51“2,
and for 0 < r < 9, 7 € Po(RY),
o «
Ui(so—r,y) = Ui(so,7) + §|t — 50]? — 5!1& —so+ 7
0 a
- U —+Zu ~ 2
1(8077) ras 1(80770) QT

Combined with (5.14), therefore
0 a
0> T_I{T(T)<U1(So» '))(70) - Ul(SO,VO)} - gUl(Soﬁo) 5"

The conclusion follows by taking r» — 0+ and by (5.9).
Now consider sy = 0. For every 0 < C' < oo, by Lemma 4.7, U is lower semicontinuous on
0, T] x {p € P2(R?) : S(p) < C}. Therefore

t—0%,y'—v0,5(v)<C

O

The case for sub-solution is similar but more complicated because of a localization argu-
ment to bound test functions.

Lemma 5.12. Assume that Condition 1.5 holds, that g satisfies Condition 1.8. Then the U
is a wviscosity sub-solution to (1.45) satisfying (4.11).

Proof. Because of Lemmas 4.7 and 4.8, U = U(t, p) is continuous on [0, 00) X {p € Py(R?) :
S(p) < C} for each C' € R. By Lemma 4.5, (4.11) holds.
Let Uy be defined as in (1.58) and (g, po) € [0,T] x P2(R?) be such that

(U = Uo)(to, po) = sup (U = Uo)(t, p).
(t,p)€[0,T]x P2 (R%)

In particular, S(pg) < 0.
We first consider the situation where tq > 0.
We can rewrite the function U, as

Q@ 0
Uo(t,p) = 1t = s+ folp),  folp) = 5d%(p,7) + €S(p) + .
Let
L= ||U V OHOO — U(to, po) + U()(to, po) VO+1> f()(po) v 0.

By Proposition 5.8, if we take M > 0 sufficiently large and ¢ = ¢ v € C*(R) satisfying
o(ry=rforr <L, o(r)=L+1forr>L+ M,
O'(r)>0forr < L+ M and ¢'(r) <1,¢" <0,
then (5.10) holds. Now define

U(t, p) := %It — s[>+ o fop) for (t,p) € [0,T] x Pa(RY).
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Then whenever fo(p) > L, we get v o fo(p) > L and hence

[0
Ult,p) = Tolt.p) < UV Olle = St = s = 00 follp)
< UV Olle = St — s~ L

Ulto, po) — Uo(to, po) = Ulto, po) — Uo(t(bpo)-

A

Moreover if fo(p) < L, we have

U(t,p) = Uo(t,p) = Ul(t, p) = Us(t, p) < Ulto, po) — Us(to, po) = Uto, po) — Uo(to, po)-

In the last step, we used the fact that ¢ o fo(pg) = f(po) which follows from the definition
of L. In summary,

U(t,p) — Ulto, po) < Uo(t, p) — U(to, po)  V (t, p) € [0,T] x Py(RY).

Therefore by properties of the semigroup 7" in Proposition 5.8, for 0 < r < tg,

(5.15) 0 = Ulto,po) = Ulto,po) = T(r) (Ulto = 7.-) = Ulto, po) ) (o)
<T(r) (Uo(to —r,+) = Up(to, Po)) (po)-

Note that, for 0 < r < t,

0 a
%’to —r—sf’ - %’to —s|? = —ra(ty —s) + %7’2 = —Tan(tho) + §T2.

and for every p € Py(R?),

0
Uo(to — 1, p) — Uo(to, po) = ¢ o folp) — ¢ o folpo) — TEUo(to, po) + %TQ.

This, together with (5.15), gives

0

0< rfl{T(@ (¢ o fo) (po) — o fo(ﬂo)} - EUo(toa po) + %T-

Taking r — 0+ and using (5.10), we obtain

0 0
0 < H folpo) — an(to,Po) = HUy(to, po) — an(tojpo)

as desired.
Next, we consider the case of £y = 0. For each 0 < C' < oo, by upper semicontinuity of U
on [0,T] x {p € Po(R?) : S(p) < C} (Lemma 4.8),

lim sup U(t7 pl) < U(O7 pO) = g<p0)

t—0+,p'—po,S(p")<C
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5.2.2. The resolvent equation. For each v € M"(Py(R?); R) and o > 0, we define
Rovlpn) = sup{ [ e [ o(p(s) ~ L(p(s).p(s))] ds:
0

p(2) € (0, 00): Pa(R?), p(0) = po }.

It follows then R, : M (Py(R?); R) - M*(Py(R%); R). Throughout this section, we assume
|h V0|l < co. Using the same arguments as in the proof of Lemma 5.7, we have the
following.

Lemma 5.13 (Bellman’s principle). Suppose that Condition 1.5 holds, that h satisfies Con-
dition 1.6 with the V' replaced by h. Then the value function f in (1.47) satisfies

flon) = sup{ [ e fo  p(s) = Lp(s) o) ds + e (p(t):
p € C((0,50); Pa(R™), p(0) = po}
for all py € P2(R?).

We use the above result to prove that the value function f is a viscosity solution to (1.44).

Lemma 5.14. Suppose that Condition 1.5 holds and h satisfies Condition 1.6 with the V'
replaced by h. Then the function f satisfies (4.2) (Lemma 4.1), and it is a viscosity super-
solution to (1.44).

Proof. First, f is continuous on finite level sets of S by Lemmas 4.3 and 4.4.
Next, we prove that the viscosity super-solution property is satisfied. Let f; € D; and
70 € P2(RY) be such that

(fi =N = L) = () Yy e Po(RY).
Then S(y9) < oo and fi(v) — fi(v) < f(7) — f(7). Hence by Proposition 5.8,
(5.16) T(t)fi() — filv) = T — f1(2))(0)
T&)(f — () () =T(E)f(v) — f()-
By (5.9),

H fi(y) < lim inf t_l(T(t)f(Vo) - f(%))
We claim that
(5.17) liminf £ (T()f (20) = £(20)) < ™' (/ = B)(3)

t—0t

hence conclude the proof.
We prove (5.17) next. By Remark 5.4, we only need to prove the case h = 0. Let n > 0.
For each t > 0, there exists a v,(-) € C([0, 00); P2(R?)) satisfying 7,(0) = v and

(5.18) () (v0) <t + FOn(t)) — / L(s), 3u(s))ds.
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This together with Lemma 5.13 gives

T{)fo) = flw) n— 1
t - t

-1
eat

e e e eyds + == raute)
1+ a#] .

Let my(r) := 44(r) + vgradS(y:(r)). By (5.18) and ||f V0| + ||V vV 0|| < oo, we have

+ |V V0|

1 t
5 [ Iy dr <O <o 0t

Consequently, by Lemmas 2.5 and 2.6,

t
S(n(t) < ¢, and d(%(t)mo)ﬁ/ ()l <10y dr < CVE,
0

where the constant C' is independent of ¢ < 1. By continuity of f on level sets of S, (5.17)
follows with A = 0. 0

Lemma 5.15. Suppose that Condition 1.5 holds and h satisfies Condition 1.6 with the V
replaced by h. Then the function f satisfies (4.2) (Lemma 4.1) and is a viscosity sub-solution
to (1.44).

Proof. f is continuous on finite level sets of S by Lemmas 4.3 and 4.4. Let fy € Dy and
po € P2(RY) be such that

(f = fo)(po) = f(p) = folp) ~ Vp € Pa(RY).
Then S(pg) < oo. Let

L:=[f VOl = f(po) + folpo) VO+1> fo(po) V0.

By Proposition 5.8, if we take M > 0 sufficiently large and ¢ = ¢y € C*(R) satisfying
o(ry=rforr <L, o(r)=L+1forr>L+ M,
P(ry>0forr<L+M and¢'(r) <1,¢" <0,

then (5.10) holds. Arguing as in Lemma 5.12,

Flp) = flpo) < w0 folp) — @ o folpo), Vp € Pa(RY).
Hence by Proposition 5.8,

(5.19)  T'(#)f(po) = f(po) = T@O)(f — f(po))(po) <T()(po fo— w0 folpo))(po)
= T(t)(¢o fo)(po) — ¢ o folpo),
giving
tisup = (7(0)f (o0) = (o)) < H folpo)
The conclusion follows if we show that
(5.20) o7 (f = h) < Tmsup = (T(1) 7 (o) — Frv) ).

Again, we only need to deal with the case h = 0 (see Remark 5.4).
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Let 7 > 0. Then for each ¢ > 0, by Lemma 5.13 there exists a trajectory o;(-) €
C([0,00); Po(R?)) such that o,(0) = py and (take h = 0)

(5.21) flow) <t = [ e Lio(s).auo)ds + ¢ Flanlt).
This implies that
e (1) f(po) = flpo) —nt +/0 (7" — e ) L(oy(s), 64(s))ds.

Since L(oy(s),d¢(s)) = —||V V 0]|w, it follows that

o't a1t
—1 - 1— T(t _
: —F(po) = e VYOl [1ha— | < ( )f<ﬂot> f(po)
Taking t — 07 on both side, (5.20) follows with h = 0. =

6. APPENDIX A - VARIATIONAL PRINCIPLE, RELAXED FORMULATION AND
PROBABILITIES — THE HEURISTIC IDEAS

The stochastic connections showing up in some proofs are more than a coincidence. Next,
we expose origin of the stochastic arguments in a heuristic way. The key is to view mini-
mization of action functional (1.22) from a relaxed point of view, which helps to explain the
seemingly ad hoc addition of +v gradS(p) in the kinetic energy (1.20) term in a natural way.

To highlight ideas, we will first re-examine finite dimensional, deterministic variational
principle in classical point mechanics as limit of another class of variational principles defined
on probability measures over path space. Recall that there is a natural embedding of path
space into probability measures over path space through identity map xo(-) = 00 (dz(-)),
we now minimize over measures instead of paths. The variational selection of the ”most
probable” measure has an interpretation of path-space-entropy-minimization which can be
viewed as second law of thermodynamic defined on path space. After the finite dimensional
point mechanic situation is cleared, we make analogy to continuum mechanics situation by
viewing it as an infinite particle limit. Direct computation reveals that the term rgradS has
to be included in kinetic energy, accounting for the indistinguishability /exchangeability of
the particles, once we take the relaxed formulation to start with.

6.1. Relaxation of variational problems. Two abstract but simple variational formulas
form the theoretical foundation of what follows. Let S be a metric space, then

(1) Entropy-Pressure formula: for f € Cy(5),

(6.1) log /S OP() = swp { [ J4Q - RIQIP)} = ~inf{R@IIP)) +1o5 2"

QEP(S S

where renormalized measure dP’ := (Z/)~'e/dP with Z/ being the normalization
constant.
(2) Laplace principle: for a large class of g and p € P(S) (assuming g(z) = +oo when

x & supp(p)),
6.2 lim —el —< 9@y (dx) = inf g(z).
(6.2) Jim —e og/se pldw) = inf g(x)
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In the above, to distinguish entropies defined at different levels (e.g. path space vs. state
space), we now use R instead of S to denote abstract relative entropy.

Suppose that P = P, has e dependency with limiting behavior dP, = Z-'e™¢ 1@dy (i.e.
large deviation), then

(6.3) inf{I(z) —V(z)} = lim —elog/seﬁ_l(v(m)_l(m))u(dx)

€S e—0+

e—0

= — limelog/ e V@ P (dx) — elog Z. = lir% inf eR(Q||PY).
s €—

On the left, we have a variational problem which is not clear to have a unique solution.
On the right, before taking the limit, we have a convex optimization problem in space of
measures, it always has a unique solution.

The heuristic discussions above can be made rigorous using the language of large deviation
in probability theory. Such theory was originally formulated by Donsker-Varadhan, Freidlin-
Wentzell, among others. For an exposition usefully stated in terms of variational problems
and Hamilton-Jacobi-Bellman equations, see Feng and Kurtz [14]. See also there for an
extensive list of references.

6.2. Classical point mechanics and probability theory. We first recall that a d-dimensional
standard Brownian motion W (on a finite time interval ) can be viewed as a metric space
S = C([0,T]; RY)-valued random variable. Let v > 0, the probability law P € P(S) of
time-rescaled Brownian motion X, (t) = xo + W (vt) is informally speaking
(6.4) P(dx(-)) == P(X, () € da(-)) = Z; e " 2 do P sq ()
where Z, is a normalizing constant and 7 is some kind of ”volume measure” on the path
space S. Our first important observation is that the term on the exponent exactly matches
with kinetic energy of a classical particle.

Adding a potential energy V term, and a penalization function f realizing the terminal
condition of position of the path at time 7', we arrive at an un-normalized (as opposed to
probability) measure on path space

(6.5) Z; e I @I L)) (g ())
_ eyfl{f(x(T))‘FfOT Vi(z(s))} <Z;1€7y*1% OT \I|2dsﬂ.(dx())>

= o IO V@S P (g (.)).

where L(x,p) := 3|p|* — V() is Lagrangian. Although it is not clear how to make sense out
of the volume measure 7 in (6.4), we note that the very right hand side of the last line above
always makes perfect sense and is rigorously well defined — it is just the probability measure
of a Brownian motion with initial value zy. If we choose

f(z) = —oox(z # 71) + Ox(z = 71)

then we are forcing the measure to be only supported on those path with initial value
x(0) = z¢ and terminal value z(7T") = x;. Such measure is known as a Brownian bridge.
If we do not want to use the bridge process, we can choose another layer of approximation
by approximating such bad test function f by sequence of smooth ones. To streamline

presentation, we do not distinguish the bad f and its smooth approximations in what follows.
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Indeed, one can even think of everything in the absence of f, provided every probability
measure is replaced by a probability measure induced by a bridge process.
Following derivation of (6.3), first by Laplace principle (6.2),

(66) lim —vlog E[@Vfl{f(Xu(T))-&-foT V(Xu(S))dS}]
v—0-+

= lim —l/log/ Z;le”_l{f(m(T))_foTL(z’i)ds}ﬂ(dﬁ(-))
z()eS

v—0+

= inf{—f(z(T)) +/0 L(x(s),z(s))ds : () € S}

= inf{/o L(z,t)ds : x(0) = xo,2(T) = x1,2(-) € S}.

Then, by entropy formula (6.1),
6.7)  —vlog Ele’ X M+f V(Xu()ds)

— inf{—E9[f(X,(T)) + / V(X,(s))ds] + VR(QIP,) : Q € P(Clgay (10, TI; RY)}

= inf{vR(Q|P)) : Q € P(Cryu, ([0, T];RY))} — vlog Z,v (1),

where Cy, ., ([0, T]; R?) is the collection of paths in C([0, T]; RY) with initial value z(0) = z
and terminal value z(T') = z;. The new probability measure P is re-normalized version of
(6.5) to take care of potential V' and terminal constraint z(7") = x;:

BY(9) = Zy b (D Zuy(9),  Zuw(p) = Elp(X,())e” WXL VIO o e B(g).

By convexity of relative entropy R, the minimization problem in (6.7) has one and only one
solution P

Let us record an important message that the above calculations give us: using the nat-
ural embedding C([0,7],R?) — P(C([0,T];R?)) through z(-) +— &), we regulated (by
introducing small parameter v > 0) and relaxed (in the sense of Young measures) the fully
nonlinear problem of path space action minimization into a well posed linear space convex
minimization problem.

Turning to PDE connection to classical mechanics, let

H(w,p) = 3o + V(@)

be the Legendre transform of L. Then the minimization problem

t
u(t, o) := inf{ f(x(t)) +/ L(x,2)ds : 2(0) = 29,2 € C([0,00); RY)}
0
solves classical Hamilton-Jacobi equation
(6.8) Owu+ H(z,V,u) =0, u(0,z)= f(z).

Historically in classical mechanics, u is used to construct canonical transformation to solve
Hamiltonian ODE which is action minimizer x(¢) defined using the Lagrangian L. Suppose
that u is smooth, then

(6.9) #(t) = Vau(t, z(t)).
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Before passing v to the limit, for each v fixed,
wuy(t, 7o) = —vlog Bl U@+ VXA X, (0) = ]
solves a viscous version of (6.8)
(6.10) Oy, + H,(z,Vau,, D*u,) =0, u,(0,7) = f(z)
where D?u is the Hessian matrix of u and

Hy(z,p, P) = H(z,p) + gTrP

6.3. Continuum mechanics and the important role of exchangeability of particles.
In this case, in addition to v, we also have an extra parameter n, the number of particles.
The role of ”"small” noise, which was previously played by v, is also played by n. To simplify,
we will take v fixed and only consider the effect of n — oco. Indeed, to simplify even more,
we will just focus on the pressure-less situation. That is, no internal energy in the potential
term. We also assume W = 0 and just treat the case formally (one can think of each particle
lives in a periodic hyper-cube).

Let {X;(t) := x; + W;(vt) : i = 1,2,...} be a sequence of independent identically dis-
tributed Brownian particles. Repeating derivation of (6.4), the n ordered particles

X () = (X1(t),..., X, (1))
R%)")
P(dZ(")) == Z; e 2 o T Py () L w(daa (),

defines a measure on C(]0, 00); (

which is the joint probability of n-copies of independent Brownian motions. Adding potential
term

V(@) = 0 + 53 @l ),

The pressure function becomes

—vlog E[efl{f(f(T))JrfoT V@Ot

However, the quantity which we will pass to the limit is not #. We are interested in measure-
valued process

pn(t,dr) =n~? Z dx, (1) (dx),

=1

which is a ”low-dimensional” functional of X. In particular, ordering information of X
is erased in p, by averaging. Interestingly, p,(t) is a probability measure-valued Markov
process of its own (that is, it forms a closed system of evolution equations). If we permute
the orders of X () at any time ¢ and run the process for dt amount of time, then we cannot
tell the difference by just observing p, — we are averaging over n! different models given by
X at every infinitesimal time increment. We will compute the effect of such model averaging

in the n — oo limit next.
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We note that > |#;]* is symmetric in all the x;s, so is the V. If the terminal value
condition is symmetric in ¢ also (for instance if p,,(0) is all we observe and f(p,) := f(Z) is
symmetric in z;), then we should consider

__ logE[ nv = f(pn(T)) +f0 (on(t )dt}]

In the limit, by law of large numbelr7 {pn(-) :m =1,2,...} converges in probability to solution
to the heat equation 0;p = vAp. By Laplace principle
lim ——logE[ D)+ [ V )dt}}

n—oo

= b= (7)) = [ Vip(s)ds + Ko :

p(0) = po, p(T) = p1, p(-) € C((0, T; P(R))}
where the "kinetic energy” (make analogy with the finite dimensional situation)

Krlp()] == Tim Tim == log P(pa(-) € Be(p())).

e—0+ n—oo

One would expect

KelpOl = 5 [ 10Nt

which is the continuum particle limit of finite dimensional situation

L[S o
= — €T; .

2 )y n4

i=1

The interesting thing is, this is false. The correct answer is

(6.11) KelpO)l = 5 [ 190 = vapl?

which is the kinetic energy we introduced in this article. The rigorous derivation of (6.11)
is a type of large deviation result (see for instance [10]). See also Chapter 13 of [14] for an
approach linking with Hamilton-Jacobi equations in the space of measures.

To explain this in a nutshell, we note that for each p,(t) with ¢ fixed, there exists n! ways
of permuting the ordered tuplet (Xi(¢),..., X, (¢)) and still obtain the same p,(¢). In other
words, the law of p, keep averaging the n! possible laws of the tuplet at a continuous time
level. Therefore, the motion of p,, in an infinitesimal time is the motion of the tuplet plus the
permutation combined. In the n — oo limit, such permutation effect introduces an entropy

dissipation mechanism for the continuum system.
We denote C,, ,, ([0, T]; P(R?)) the collection of all P(R%)-valued path p(-) with p(0) = pg

P05P1
and p(T) = p; and with continuous trajectory. Suppose for now that we can construct a

P(R%)-valued Brownian bridge process p(-) with probability law P € P(C,,,, ([0, T]; P(R?)))
(a rigorous theory for such process does not seem to exist in probability literature yet). Let
PV be the renormalized version of P taking into account of potential function V:

dPV LT
Then, by analogy with the finite dimensional case,

log B [elo V(r(eis] —inf{R(QHP:E Q € P(Co.u ([0, T]; P(RY))) .



Again, R is strictly convex in () with compact level set in weak convergence (narrow) topol-
ogy. Therefore, the variational problem has a unique minimizer. We conjecture that such
minimizer should be given by solution to a stochastic partial differential equation of the Fu-
ler type. In the "small noise” limit (corresponds to the n — oo limit when considering p,,),
it is expected to ”converge” to the equations (1.1). Given the above discussion, it would be
interesting to study well posed-ness for such a stochastic Euler equation in the uniqueness
of corresponding probability measure sense (that is, weak uniqueness).

Similar to the finite dimensional case, the Hamilton-Jacobi PDE theory extends now to
infinite dimensional state space P(R?). Well posed-ness of such equation is studied in this
article. At least formally, (6.9) becomes

(6.12) p = gradU(t, p).

7. APPENDIX B — TWO TECHNICAL LEMMAS

Lemma 7.1. Let S be a metric space and f,g : S +— RU{£oo} be measurable functions.
Suppose that

(1) g is lower semicontinuous and bounded from below,
(2) |f(x)] < (g(x)) with an increasing sub-linear function ¢ : R — R,
(3) f is continuous on finite level sets of g, that is,
lim f(z,) = f(x), whenever z,, — = and sup g(z,) < co.
Then f + g is lower semicontinuous and bounded from below, and f — g is upper semicon-
tinuous and bounded from above.

Proof. We prove the case for f 4 g only since the other one is similar.
The bound from below property follows because

1
C+§g§—dm+g§f+%

for some constant C' € R. The above also implies that each finite level set of f + g is
contained in another finite level set of g. By continuity of f on finite level set of g, f + g is
lower semicontinuous. [

Lemma 7.2. Let S be a complete separable metric space with Borel o-field F. i, pu € P(S)
are probability measures on S. Let f,g : S +— R U{£oo} be measurable functions on S
satisfying the hypothesis of Lemma 7.1. Further suppose that

(1) pn = p in the weak convergence of probability measure topology,
(2) sup,, [ gdp, < oco.
Then

n—oo

lim fd,un / fdu.
5
Proof. By Skorohod representation (e.g. Theorem 1.8 on page 102 of [12]), there exists a

reference probability space and S-valued random variables X,,, X such that X,, — X almost
surely and P(X,, € dz) = p,(dx), P(X € dz) = u(dx). Therefore,

!/MM—E /?w E[f(X)], LM%ZEMK%



From sup,, E[g(X,)] < oo, by lower semicontinuity of g and by Fatou’s lemma, we have
Elg(X)] < occ.

Let € > 0. By Lemma 7.1, f 4 €g is lower semicontinuous and bounded from below on S
and f — eg is upper semicontinuous and bounded from above. By Fatou’s lemma,

liminf E[f(X,) +€eg(X,)] > E[f(X)]+€eE[g(X)],

limsup E[f(X) — eg(Xa)] < Elf(X)] - eElg(X)].
Taking € — oo, lim,, ., E[f(X,)] = E[f(X)], we conclude the proof. O
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