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Overview of Current Investigations 
The goal of this project it to develop accurate material models of multi-walled carbon 
nanotubes and to use these models to analyze the response of nanotubes to applied 
bending loads.  An important related question is how bending changes the electrical and 
chemical properties of nanotubes.  Experimental work reveals that, during bending, 
multi-walled carbon nanotubes develop wrinkles on their compressed side.  These 
wrinkles appear to strongly affect the properties of bent tubes. In particular, it has been 
discovered that kinks and wrinkles on the surface of carbon nanotubes exhibit enhanced 
chemical activity. Since the bending of carbon nanotubes is completely reversible for 
deformations leading to wrinkling, so called ``kinky'' chemistry studies have been 
conducted to selectively modify the carbon nanotubes at the wrinkled zones.  
 
We are examining the bending of multi-walled nanotubes within the framework of 
nonlinear continuum mechanics.  By using the Principle of Virtual Work (PVW) and 
appropriate constitutive assumptions, we obtain equilibrium equations for the in-plane 
bending of nonlinear elastic shells.  Following earlier work on the bending of thin-walled 
pipes, we treat wrinkling in nanotubes as a bifurcation in the solutions to the governing 
equilibrium equations.  The novel feature of our equations for bending is the inclusion of 
van der Waals forces acting between adjacent walls in a multi-walled nanotube; the 
treatment of the terms that arise from the inclusion of these interaction forces cannot be 
subsumed under standard mathematical techniques. 
 
We combine continuum modeling with Molecular Dynamics (MD) and Quantum 
Mechanics (QM) computational simulations.  Simulations of the bending of small-
diameter single- and multi-walled nanotubes yield information on both the bulk 
properties of nanotubes and on how these bulk properties change during bending.  This 
information can then be incorporated, via constitutive theory, into the continuum 
modeling of bending.  To examine the bending of larger-diameter multi-walled 
nanotubes, information on the global geometry of bent tubes derived from continuum 
modeling can be passed as boundary conditions to QM/MD simulations, which can then 
be used to study the mechanical behavior and the chemical properties of the multi-walled 
nanotubes just near the high-curvature, wrinkled regions. 
 



For example, using a combination of continuum modeling, atomistic simulations, and 
numerical optimization, we estimate the bending stiffness of a graphene sheet.  We 
consider a rectangular sheet that is initially parallel to a rigid substrate.  The sheet 
interacts with the substrate by van der Waals forces and deflects in response to loading on 
a pair of opposite edges.  To estimate the bending stiffness, we model the graphene sheet 
as a continuum and numerically solve an appropriate differential equation for the 
transverse deflection.  This solution depends on the bending stiffness.  We then use an 
optimization procedure to find the value of the bending stiffness that minimizes the 
difference between the numerical solutions and the deflections predicted by atomistic 
simulations.   
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