3450:439/539:001 Homework 1 Spring 2008

Recommended due date: Thursday, January 17, 2008

THIS HOMEWORK IS NOT FOR COURSE CREDIT. However, you
need to do problems to learn the material. Also, about 1/3 of your exam will
consist of recommended homework problems.

1. Consider the ordinary differential equation (ODE) % +sin(t + y) = sin(t).

(a) Write the equation in the form L(y) = f. (Ideritify Land f.)

(b) Is the equation linear? Prove or disprove using the definition of a
linear operator.
Tn ‘ 2,2
2. Solve the initial-value problem (IVP) % + %—@Tn = B,(t) (t > 0),
T,(0) = b, where B,(t) is prescribed and so are the constdnts‘bn, k, and
L. Here n = 1,2,3,.... Show the solution can be expressed as

¢ —n?n2k(t — 1) —nin?k
T.(t) = /0 exp ( 72 ) Bn(1) d1 + by exp ( i t) :

3. Prove that the superposition principle holds for all linear .homogeneous
equations. That is, if v and v satisfy the linear homogeneous equation
L(z) = 0 then ciu + cyv also satisfies the equation for any numbers c¢; and
Co.

4. Referring to your proof in Problem 3, briefly explain why the superposition
principle does not hold for nonlinear equations.

5. Referring to your proof in Problem 3, briefly explain why the superposition
principle does not hold for nonhomogeneous equations.

6. Consider the ODE au” + bu' + cu = 0 with b? — 4ac < 0. The system has
two complex-valued solutions of the forms u; = etz gnd y, = @,

(a) Reexpress u; and u in the form a+1b (using rules of exponents, Euler’s
formula € = cos 6 + i Sin ( wemcentenemiidnstoiis ).

(b) Because the ODE is linear homogeneous, the superposition principle
holds. Write down the solution uz = %u.l + %UQ. Write down the
solution us = 5;u1 — Lup. Use these two (linearly independent) real-
valued solutions us and u4 to write down a real-valued general solution
to the system. (It’s the same one we found in class.) _
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10.

Solve the ODE (e~%3/)' + (1 + A)e™%*y = 0 for y(z). Give three different
forms corresponding to three different cases for A.

Consider the ODE z%y" + zy + (22 — v¥)y = 0, ¢ > 0, v > 0 (Bessel’s
equation of order v). Reexpress the equation via the change of variables
T = Az.

Hu 0*u du

. Show the partial differential equation (PDE) 5 k—— + A + B e

5 R 0x? 0z
can be transformed into A k—g by making a change of variables u(z,t) =
exp(ox + Bt)v(z,t). What values of o and 8 must be used?

!

1
Solve the ODE (Ey') + (44 Nz %y =0 for y(z), £ > 0. Give three

different forms corresponding to three different cases for A.




