
3450:335 Differential Equations Solutions Homework 14

1. Find a series solution about x = 0 for the initial value problem y′ + 2xy = 0, y(0) = 5.

Let y =
∞∑

n=0

anx
n

∞∑
n=1

annxn−1 + 2x
∞∑

n=0

anx
n = 0

∞∑
n=1

anx
n−1 +

∞∑
n=0

2anx
n+1 = 0 Shift n + 1 → n− 1

∞∑
n=1

anx
n−1 +

∞∑
n=2

2an−2x
n−1 = 0

•n = 1 =⇒ a1 = 0

•n ≥ 2 =⇒ nan + 2an−2 = 0 =⇒ an =
−2

n
an−2

a2 =
−1

1
a0 a3 = 0

a4 =
−1

2
a2 a5 = 0

a6 =
−1

3
a4 a7 = 0

a8 =
−1

4
a6 a9 = 0

...
...

a2k =
−1

k
a2k−2

6 a2 6 a4 6 a6 . . . a2k =
(−1)(−1)(−1) . . . (−1)

1 · 2 · 3 · 4 . . . k
a0 =⇒ a2k =

(−1)k

k!
a0.

So, y = a0 +
∞∑

k=1

(−1)k

k!
xka0 = a0

(
1 +

∞∑
k=1

(−1)k

k!
xk

)
Using the initial conditions of y(0) = 5 =⇒ a0 = 5.

Solution:

y = 5

(
1 +

∞∑
k=1

(−1)k

k!
xk

)
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2. Use the power series method about x = 0 to find 2 linearly independent solutions of
2y′′ + xy′ + y = 0.

Let y =
∞∑

n=0

anx
n

2
∞∑

n=2

ann(n− 1)xn−2 + x

∞∑
n=1

annxn−1 +
∞∑

n=0

anx
n = 0

∞∑
n=2

2ann(n− 1)xn−2 +
∞∑

n=1

annxn +
∞∑

n=0

anx
n = 0 Shift n → n− 2

∞∑
n=2

2ann(n− 1)xn−2 +
∞∑

n=3

an−2(n− 2)xn−2 +
∞∑

n=2

an−2x
n−2 = 0

•n = 2 =⇒ 4a2 + a0 = 0 =⇒ a2 =
−1

2 · 2
a0

•n ≥ 3 =⇒ 2n(n− 1)an + (n− 2)an−2 + an−2 = 0 =⇒ an =
−1

2n
an−2

a3 =
−1

2 · 3
a1

a4 =
−1

2 · 4
a2 a5 =

−1

2 · 5
a3

a6 =
−1

2 · 6
a4 a7 =

−1

2 · 7
a5

a8 =
−1

2 · 8
a6 a9 =

−1

2 · 9
a7

...
...

a2k =
−1

2 · (2k)
a2k−2 a2k+1 =

−1

2 · (2k + 1)
a2k−1

6 a4 6 a6 6 a8 . . . a2k =
(−1)(−1)(−1) . . . (−1)

2(4) · 2(6) · 2(8) . . . 2(2k)
a2 =

(−1)(−1)(−1) . . . (−1)

2(4) · 2(6) · 2(8) . . . 2(2k)
· −1

2(2)
a0

Here, a2k =
∞∑

k=2

(−1)k

2k · 2kk!
=

∞∑
k=2

(−1)k

22kk!
a0.

Similarly for the odds, a2k+1 =
∞∑

k=2

(−1)k

2k[1 · 3 · 5 · 7 . . . (2k + 1)]
a1.

Finally, y1 = a0

(
1− 1

4
x2 +

∞∑
k=2

(−1)k

22kk!
x2k

)
and y2 = a1

(
x +

∞∑
k=1

(−1)k

2k[1 · 3 · 5 · 7 . . . (2k + 1)]
x2k+1

)
.
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3. Find a power series solution about x = 0 to the initial value problem
(x2 − 4) + 3xy′ + y = 0, y(0) = 4, y′(0) = 1.

Let y =
∞∑

n=0

anx
n

x2

∞∑
n=2

ann(n− 1)xn−2 − 4
∞∑

n=2

ann(n− 1)xn−2 + 3x
∞∑

n=1

annxn−1 +
∞∑

n=0

anx
n = 0

∞∑
n=2

ann(n− 1)xn −
∞∑

n=2

4ann(n− 1)xn−2 +
∞∑

n=1

3annxn +
∞∑

n=0

anx
n = 0 Shift n → n− 2

∞∑
n=4

an−2(n− 2)(n− 3)xn−2 −
∞∑

n=2

4ann(n− 1)xn−2 +
∞∑

n=3

3an−2(n− 2)xn−2 +
∞∑

n=2

an−2x
n−2 = 0

•n = 2 =⇒ −8a2 + a0 = 0 =⇒ a2 =
1

2 · 4
a0.

•n = 3 =⇒ (−24a3 + 3a1 + a1)x = 0x =⇒ a3 =
1

2 · 3
a1.

•n ≥ 4 =⇒ (n− 2)(n− 3)an−2 − 4n(n− 1)an + 3(n− 2)an−2 + an−2 = 0

=⇒ an =
n− 1

4n
an−2

a4 =
3

4 · 4
a2 a5 =

4

4 · 5
a3

a6 =
5

4 · 6
a4 a7 =

6

4 · 7
a5

a8 =
7

4 · 8
a6 a9 =

8

4 · 9
a7

...
...

a2k =
2k − 1

4 · (2k)
a2k−2 a2k+1 =

2k

4 · (2k + 1)
a2k−1

6 a4 6 a6 6 a8 . . . a2k =
3 · 5 · 7 · 9 · · · (2k − 1)

4(4) · 4(6) · 4(8) · 4(10) · · · 4(2k)
a2

=
3 · 5 · 7 · 9 · · · (2k − 1)

4(4) · 4(6) · 4(8) · 4(10) · · · 4(2k)
· 1

4 · 2
a0

=
3 · 5 · 7 · · · (2k − 1)

4k2kk!
a0

=
3 · 5 · 7 · · · (2k − 1)

23kk!
a0

So, y1 = a0

(
1 +

1

8
x2 +

∞∑
k=2

3 · 5 · 7 · · · (2k − 1)

23kk!
x2k

)
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6 a5 6 a7 6 a9 . . . a2k+1 =
4 · 6 · 8 · 10 · · · (2k)

4(5) · 4(7) · 4(9) · 4(11) · · · 4(2k + 1)
a3

=
4 · 6 · 8 · 10 · · · (2k)

4(5) · 4(7) · 4(9) · 4(11) · · · 4(2k + 1)
· 2

4 · 3
a1

=
2kk!

4k[3 · 5 · 7 · · · (2k + 1)]
a1

=
k!

2k[3 · 5 · 7 · · · (2k + 1)]
a1

So, y2 = a1

(
x +

1

6
x3 +

∞∑
k=2

k!

2k[3 · 5 · 7 · · · (2k + 1)]
x2k+1

)
Imposing initial conditions, y(0) = 4 =⇒ a0 = 4 and y′(0) = 1 =⇒ a1 = 1.

Solution:

y = 4

(
1 +

1

8
x2 +

∞∑
k=2

3 · 5 · 7 · · · (2k − 1)

23kk!
x2k

)
+

(
x +

1

6
x3 +

∞∑
k=2

k!

2k[3 · 5 · 7 · · · (2k + 1)]
x2k+1

)
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4. Find a series solution about x = 0 for the differential equation (1− x2)y′′ − 6xy′ − 4y = 0.

Let y =
∞∑

n=0

anx
n

∞∑
n=2

ann(n− 1)xn−2 − x2

∞∑
n=2

ann(n− 1)xn−2 − 6x
∞∑

n=1

annxn−1 − 4
∞∑

n=0

anx
n = 0

∞∑
n=2

ann(n − 1)xn−2 −
∞∑

n=2

ann(n − 1)xn −
∞∑

n=1

6annxn −
∞∑

n=0

4anx
n = 0 Shift n → n − 2

∞∑
n=2

ann(n− 1)xn−2 −
∞∑

n=4

an−2(n− 2)(n− 3)xn−2 −
∞∑

n=3

6an−2(n− 2)xn−2 −
∞∑

n=2

4an−2x
n−2 = 0

•n = 2 =⇒ 2a2 − 4a0 = 0 =⇒ a2 = 2a0.

•n = 3 =⇒ (6a3 − 6a1 − 4a1)x = 0x =⇒ a3 =
5

3
a1.

•n ≥ 4 =⇒ n(n− 1)an − (n− 2)(n− 3)an−2 − 6(n− 2)an−2 − 4an−2 = 0

=⇒ an =
n + 2

n
an−2

a4 =
6

4
a2 a5 =

7

5
a3

a6 =
8

6
a4 a7 =

9

7
a5

a8 =
10

8
a6 a9 =

11

9
a7

...
...

a2k =
2k + 2

2k
a2k−2 a2k+1 =

2k + 3

2k + 1
a2k−1

6 a4 6 a6 6 a8 . . . a2k =
6 6· 6 8· 6 10 · · · (2k + 2)

4· 6 6· 6 8 · · · 6 2k
a2

=
2k + 2

4
· 2a0

= (k + 1)a0.

So, y1 = a0

(
1 + 2x2 +

∞∑
k=2

(k + 1)x2k

)
.
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6 a5 6 a7 6 a9 . . . a2k+1 =
6 7· 6 9· 6 11 · · · (2k + 3)

5· 6 7· 6 9 · · · (2k + 1)
a3

=
2k + 3

5
· 5

3
a1

=
2k + 3

3
a1.

So, y2 = a1

(
x +

5

3
x3 +

∞∑
k=2

2k + 3

3
x2k+1

)
.

General Solution:

y = a0

(
1 + 2x2 +

∞∑
k=2

(k + 1)x2k

)
+ a1

(
x +

5

3
x3 +

∞∑
k=2

2k + 3

3
x2k+1

)
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